Online Performative Gradient Descent for Learning Nash

Equilibria in Decision-Dependent Games

Zihan Zhu* Ethan X. Fang' Zhuoran Yang?

Abstract

We study multi-agent games within the innovative framework of decision-dependent games, which
establishes a feedback mechanism that population data reacts to agents’ actions and further char-
acterizes the strategic interactions among agents. We focus on finding the Nash equilibrium of
decision-dependent games. However, gradients of reward functions are unknown due to the strate-
gic interactions between agents, and classical gradient-based methods are infeasible. To overcome
this challenge, we model the strategic interactions by a general parametric model and propose a
novel online algorithm, Online Performative Gradient Descent (OPGD), which leverages the ideas
of online stochastic approximation and projected gradient descent to learn the Nash equilibrium
in the context of function approximation for the unknown gradient. In particular, under mild
assumptions on the function classes defined in the parametric model, we prove that the OPGD al-
gorithm finds the Nash equilibrium efficiently for strongly monotone decision-dependent games.
Synthetic numerical experiments validate our theory.

1 Introduction

The classical theory of learning and prediction fundamentally relies on the assumption that data
follows a static distribution. This assumption, however, does not account for many dynamic real-
world scenarios where decisions can influence the data involved. Recent literature on performative
classification (Hardt et al., 2016; Dong et al., 2018; Miller et al., 2020) and performative prediction
(Perdomo et al., 2020) offers a variety of examples where agents are strategic, and data is perfor-
mative. For instance, in the ride-sharing market, both passengers and drivers engage with multiple
platforms using various strategies such as “price shopping”. Consequently, these platforms observe
performative demands, and the pricing policy becomes strategically coupled.

In this paper, we explore the multi-agent performative prediction problem, specifically, the
multi-agent decision-dependent games, as proposed by Narang et al. (2022). We aim to develop
online algorithms to find Nash equilibria with the first-order oracle, and further extend it to the
bandit feedback setting. In this scenario, agents can only access their utility functions instead of
gradients through the oracle. Finding Nash equilibria in decision-dependent games is a challenging
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task. Most existing works primarily focus on finding performative stable equilibria within the single-
agent setting, an approach that approximates the Nash equilibrium and is relatively straightforward
to compute (Mendler-Diinner et al., 2020; Wood et al., 2021; Drusvyatskiy and Xiao, 2022; Brown
et al., 2022; Li and Wai, 2022).

There are two major challenges associated with this problem: (i) the distribution shift induced
by performative data, and (ii) the lack of first-order information for the performative gradient due
to the strategic interaction between agents. To address these two challenges, we propose a novel
online gradient-based algorithm, Online Performative Gradient Descent (OPGD). In particular, our
algorithm employs a general parametric framework to model the decision-dependent distribution,
which provides an unbiased estimator for the unknown gradient, and leverages online stochastic
approximation methods to estimate the parametric functions.

1.1 Major Contributions

Our work provides new fundamental understandings of decision-dependent games. Expanding
upon the linear parametric assumption in Narang et al. (2022), we propose a more comprehensive
parametric framework that models decision-dependent distributions of the observed data. We also
derive sufficient conditions under this parametric framework that guarantee a strongly monotone
decision-dependent game, thereby ensuring a unique Nash equilibrium.

From the algorithmic perspective, we propose OPGD, the first online algorithm to find the Nash
equilibrium under linear and kernel parametric models. While the existing algorithm only handles
the linear case and cannot be extended to the non-linear parametric model (Section 3), and OPGD
uses an essentially different method to learn the strategic interaction between agents. Under the
proposed parametric framework, learning the Nash equilibrium in decision-dependent games can be
formulated as a bilevel problem, where the lower level is learning the strategic model and the upper
level is finding equilibria. We acknowledge this learning framework bridges online optimization and
statistical learning with time-varying models. Besides, the OPGD algorithm leverages the ideas of
online stochastic approximation for the lower problem and projected gradient descent to learn the
Nash equilibrium. Further, we extend OPGD into the bandit feedback setting by the analogous idea.

We further prove that under mild assumptions, OPGD converges to the Nash equilibrium. Given
the first-order oracle, OPGD achieves a convergence rate of O(t~1) under the linear parametric model.
This rate matches the optimal rate of SGD in the strongly convex setting. For the kernel function
class H that associated with a bounded kernel K, we posit that the parametric functions reside
within the power space H? and evaluate the approximation error of OPGD under the a-power norm,
where « represents the minimal value that ensures the power space H® possesses a bounded kernel.
We present the first analysis for online stochastic approximation under the power norm (Lemma
4.18), in contrast to the classical RKHS norm (Tarres and Yao, 2014; Pillaud-Vivien et al., 2018;
Lei et al., 2021). The difference between the RKHS H and the power space H? makes the standard
techniques fail under the power norm, and we use novel proof steps to obtain the estimation error
bound. We demonstrate that OPGD leverages the embedding property of the kernel K to accelerate
convergence and achieves the rate of O(f%). Moreover, OPGD can handle the challenging
scenario, where parametric functions are outside the RKHS. We further extend the analysis into



the bandit feedback setting and obtain an analogous convergence rate. See Section 4 for more
details.

1.2 Related Work

Performative prediction. The multi-agent decision-dependent game in this paper is inspired
by the performative prediction framework (Perdomo et al., 2020). This framework builds upon
the pioneering works of strategic classification (Hardt et al., 2016; Dong et al., 2018; Miller et al.,
2020), and extends the classical statistical theory of risk minimization to incorporate the performa-
tivity of data. Perdomo et al. (2020); Mendler-Diinner et al. (2020); Miller et al. (2021) introduce
the concepts of performative optimality and stability, demonstrating that repeated retraining and
stochastic gradient methods converge to the performatively stable point. Miller et al. (2021), in
pursuit of the performatively optimal point, model the decision-dependent distribution using loca-
tion families and propose a two-stage algorithm. Similarly, Izzo et al. (2021) develop algorithms to
estimate the unknown gradient using finite difference methods. More recently, Narang et al. (2022);
Piliouras and Yu (2022) expand the performative prediction to the multi-agent setting, deriving
algorithms to find the performatively optimal point.

Learning in continuous games. Our work aligns closely with optimization in continuous games.
Rosen (1965) lays the groundwork, deriving sufficient conditions for a unique Nash equilibrium in
convex games. For strongly monotone games, Bravo et al. (2018); Mertikopoulos and Zhou (2019);
Lin et al. (2021) achieve the convergence rate and iteration complexity of stochastic and derivative-
free gradient methods. For monotone games, the convergence of such methods is established by
Tatarenko and Kamgarpour (2019, 2020). Additional with bandit feedback settings, zeroth-order
methods (or derivative-free methods) achieve convergence (Bravo et al., 2018; Lin et al., 2021,
Drusvyatskiy et al., 2022; Narang et al., 2022), albeit with slow convergence rates (Shamir, 2013;
Lin et al., 2021; Narang et al., 2022). Relaxing the convex assumption, Ratliff et al. (2016); Agarwal
et al. (2019); Cotter et al. (2019) study non-convex continuous games in various settings.

Learning with kernels. Our proposed algorithm closely relies on stochastic approximation,
utilizing online kernel regression for the RKHS function class. Prior research investigates the
generalization capability of least squares and ridge regression in RKHS De Vito et al. (2005);
Caponnetto and De Vito (2007); Smale and Zhou (2007); Rosasco et al. (2010); Mendelson and
Neeman (2010). Meanwhile, extensive works study algorithms for kernel regression. For instance,
Yao et al. (2007); Dieuleveut and Bach (2016); Pillaud-Vivien et al. (2018); Lin and Rosasco (2017);
Lei et al. (2021) propose offline algorithms with optimal convergence rates under the RKHS norm
and L? norm using early stopping and stochastic gradient descent methods, while Ying and Pontil
(2008); Tarres and Yao (2014); Dieuleveut and Bach (2016) design online algorithms with optimal
convergence rates. The convergence of kernel regression in power norm (or Sobolev norm) is studied
in Steinwart et al. (2009); Fischer and Steinwart (2020); Liu and Li (2020); Lu et al. (2022),
with offline spectral filter algorithms achieving the statistical optimal rate under the power norm
(Pillaud-Vivien et al., 2018; Blanchard and Miicke, 2018; Lin and Cevher, 2020; Lu et al., 2022).



Notation. We introduce some useful notation before proceeding. Throughout this paper, we
denote the set 1,2,--- ,n by [n] for any positive integer n. For two positive sequences {a, }nen and
{bn }nen, we write a, = O(by) or a,, < b, if there exists a positive constant C' such that a,, < C'-b,,.
For any integer d, we denote the d-dimensional Euclidean space by R?, with inner produce (-, -) and
the induced norm ||-|| = /{-, -). For a Hilbert space H, let ||-||3; be the associated Hilbert norm. For
a set X and a probability measure py on X, let E% , be the L? space on X induced by the measure
px, equipped with inner product (-, -),, and L? norm |- ||, = /{*, )p». For any matrix A = (a;;),
the Frobenius norm and the operator norm (or spectral norm) of A are ||Afr = (3_; ; a%j)l/2 and
|Allop = 01(A), where o1(A) stands for the largest singular value of A. For any square matrix
A = (a;;), denote its trace by tr(A) = >, a;. For any y € RY, we denote its projection onto a set
X C R? by proj(y) = argmingc x|z — y|. The set denoted by Nx(z) represents the normal cone
to a convex set X at z € X, namely, Ny(z) = {v € R?: (v,y — z) <0, Yy € X}. For any metric
space Z with metric d(-,-), the symbol P(Z) will denote the set of Radon probability measures p

on Z with a finite first moment E..,[d(z, z0)] < oo for some zy € Z.

2 Preliminaries and Problem Formulation

We briefly introduce the formulation of n-agent decision-dependent games based on Narang et al.
(2022). In this setting, each agent i € [n] takes the action z; € A; from an action set &; C R%.
Define the joint action z = (x1,22,-- ,2,) € X and the joint action set X = X} x --- x &, C R¢,
where d := )" ; d;. For all i € [n], we write © = (z;,2_;), where z_; denotes the vector of all
coordinates except z;. Let £; : X — R be the utility function of agent ¢. In the game, each agent
1 seeks to solve the problem
min L;(z;,x_;), where L;j(x):= E {i(z,z). (2.1)
TiEX; zi~D;(x)
Here z; € Z; represents the data observed by agent i, where the sample space Z; is assumed to be
Z; = RP with p € N throughout this paper. Moreover, D; : X — P(Z;) is the distribution map,
and ¢; : R? x Z; — R denotes the loss function. During play, each agent i performs an action x;
and observes performative data z; ~ D;(x), where the performativity is modeled by the decision-

dependent distribution D;(z). In the round ¢, the agent i only has access to zil, cee szl as well as
ol ... 27! and seeks to solve the ERM version of (2.1). We assume the access to the first-order

oracle, namely, loss functions ¢; are known to agents but distribution maps D; are unknown.

Definition 2.1. (Nash equilibrium). In the game (2.1), a joint action z* = (z7,z5,--- ,2}) is a

Nash equilibrium (Nash Jr, 1996) if all agents play the best response against other agents, namely,

*

z] = argmin £;(z;, 2" ;) = arg min E li(wi,x ;. 2), Vi€ [n]. (2.2)
T €X; 2 €X;  2i~Dy(mi,x* )

In general continuous games, Nash equilibria may not exist or there might be multiple Nash
equilibria (Fudenberg and Tirole, 1991). The existence and uniqueness of a Nash equilibrium in
a continuous game depend on the game’s structure and property. In general, finding the unique
Nash equilibrium is only possible for convex and strongly monotone games (Debreu, 1952).



Definition 2.2. (Convex game). Game (2.1) is a convex game if sets X; are non-empty, compact,
convex and utility functions £;(x;, z_;) are convex in z; when x_; are fixed.

Suppose that utility functions £; are differentiable, we use V;L;(z) to denote the gradient of
L;(x) with respect to x; (the i-th individual gradient). We say the game (2.1) is C'-smooth if the
gradient V;L;(z) exists and is continuous for all 7 € [n]. Using this notation, we define the gradient
H(z) comprised of individual gradients

H(z) = (ViL1(z), - ViLln(2)).

Definition 2.3. (Strongly monotone game). For a constant 7 > 0, a C''-smooth convex game (2.1)
is called 7-strongly monotone if it satisfies

(H(x) — H(2'),x —2') > 1|z —2'||?, for all 2,2’ € X.

Note that a 7-strongly monotone game (7 > 0) over a compact and convex action set X admits a
unique Nash equilibrium (Rosen, 1965). According to the optimal conditions in convex optimization
(Boyd et al., 2004), this Nash equilibrium x* is characterized by the variational inequality

0€ H(z*) + Nx(a). (2.3)

The agents in the game (2.1) are strategically coupled in two ways. First, the data z; seen
by agents is influenced by the joint action z, since each of them follows a decision-dependent
distribution D;(z). Second, the loss functions ¢; depend on the joint action x and the observed
data z;. Note that the decision-dependence in distributions D;(xz) may involve the reaction of
strategic users in a population to the announced joint action x. This interaction structure between
the decision-maker and the strategic users induces a game in the environment, which is known
as a Stackelberg game [Von Stackelberg (2010)]. In the game (2.1), we aggregate the strategic
interaction between strategic agents and strategic users in distributions D;(x).

Next, we use a real-world example of the ride-share market [Hardt et al. (2016); Perdomo et al.
(2020); Narang et al. (2022)] to digest the decision-dependent game (2.1).

Example 2.4. (Revenue Maximization via Demand Forecasting). In the ride-sharing market,
several platforms act as strategic agents (suppose there are n platforms), predicting ride demands
of strategic users in a city to maximize revenue. Typically, both drivers and passengers, regarded as
strategic users, engage with multiple platforms by employing tactics such as ”price shopping”. To
elaborate, users call the ride in multiple platforms, and each platform 4 presents its price and time
cost (action x;) for users. Strategic users compare prices and time costs among these platforms and
choose the best one. Consequently, the forecasted ride demand z; for platform ¢, which is generated
by the strategic users, relies on the platform’s own decision x; as well as the choices of competitors
x_;, thereby shaping the distributions z; ~ D;(x).

Example 2.5. (University Admissions). Multiple universities, acting as strategic agents, evaluate
applications to decide on admissions. Each applicant, considered a strategic user, tailors their
application to meet the criteria of universities. Every university ¢ evaluates numerous applications,



represented by data z; (might contain GPA and other related grades), and formulates a rule z;
to decide which candidates are admitted. Each university’s goal is to accept qualified students,
and applicants may apply to various universities. To elaborate, students might compare different
programs by assessing their admission rules and selecting several universities that match their
qualifications. Consequently, the predicted applications z; received by the university ¢ are shaped
by the joint rule x, thus formulating the decision-dependent distribution z; ~ D;(x). Furthermore,
every university assesses the quality of students using a loss function, denoted as ¢;(x, z;), and
subsequently forms a decision-dependent game.

2.1 A Peek into Decision-Dependent Game: Why Challenging?

We briefly talk about the challenges and our idea of designing the algorithm. In decision-dependent
games, the classical theory of risk minimization does not work. [Perdomo et al. (2020); Narang
et al. (2022)] propose the repeated retraining method, or repeated risk minimization algorithm
for the game (2.1). The idea is to decouple the effects of joint action = on loss functions ¢; and
distributions D;(z). This method repeatedly minimizes the utility function with the distribution
map D; fixed at the result of the previous iteration:

t+1

T =argmin @ E  {i(x, z). (2.4)

zeX zi~Di(z?)
In each iteration, distribution D;(z!) is fixed and (2.4) is a regular optimization problem. We can
derive the corresponding repeated gradient descent algorithm

1 = projy <xt -n E Vit zz)> : (2.5)
zi~D;(xt)

Repeated retraining is numerically feasible but it fails to find the Nash equilibrium. In fact, the

update rule (2.5) is a biased gradient descent because it only uses the term P;(z) rather than the

full gradient V;L;(x). As a result, this algorithm converges to the so-called performatively stable

equilibrium instead of the Nash equilibrium.

The primary obstacles to finding the Nash equilibrium in the game (2.1) include: (i) the dis-
tribution shift induced by performative data, and (ii) the lack of first-order information for the
performative gradient. To make it clear, standard methods, such as gradient-based algorithms,
necessitate the gradient H(x). However, H(x) is unknown since distributions D; are unknown,
and estimating H (z) is complex due to the dependency between D;(x) and x. Mathematically,
assuming C'-smoothness, the chain rule directly yields the following expression for the gradient

Vili(x) = E Vili(x,x_i2) + E Ui, x—i, 24) ; (2.6)

where V¢;(z, z;) denotes the gradient of ¢;(x, z;) with respect to ;. The main difficulty is estimat-
ing the second term in (2.6) due to the absence of closed-form expressions.

To estimate the unknown gradient H(x), we impose a parametric assumption on the observed
data z; and model the distribution maps D; using parametric functions. Note that the linear



parametric assumption was first proposed in Narang et al. (2022). In this paper, we extend this
assumption to a general framework and show that under the parametric assumption, the gradient
H (x) has a closed-form expression, which yields an unbiased estimator for H(x).

Assumption 2.6. (Parametric assumption). Suppose there exists a function class .# and p-
dimensional functions f; : X — RP over the joint action set X such that f; € #P (i.e. each
coordinate of f; is in the function class .#) and

zi ~ Di(x) <= z; = fi(x) + €&, Vi€ ]n],

2

where ¢; € RP are zero-mean noise terms with finite variance o2, namely, Ee; = 0 and E||¢;||? < o2.

Under Assumption 2.6, assuming that f; are differentiable and letting P; be the distribu-
tion of the noise term ¢;, we derive the following expression for the utility functions £;(z) =
E.,~p,@)li(7,2i) = Ecupli(z, fi(r) + €;). Then the individual gradient would be V;L;(z) =
ViE.,p,(@)li(z, 2i) = Vi[Ec,vp li(z, fi(r) + €)]. Consequently, the chain rule directly implies the
following expression

afi(z)\ "

ViLi(z)= E Vili(z,2)+ E V.li(z,z), (2.7)
2i~D;(x) Oxi ) 2~Di(a)

where V. ¢;(x, z;) denotes the gradient of ¢;(x, z;) with respect to z;. Given a joint action x, each

agent i observes data z; ~ D;(x). Equation (2.7) suggests the following unbiased estimator for

H(x):

H(x) = (%iﬁi(-ﬁ))ie[n] = (Vzﬂi(x,zi) + <8£;3£Zx>)T V. li(z, z,)) . (2.8)

i€[n]
However, direct computation of H (z) is infeasible because f; are unknown. To overcome this
challenge, we approximate the unknown functions f; with the function class .#P. In fact, the
estimation of f; can be formed as a non-parametric regression problem, namely,

fi= argmin/ lzi — f(@)||*dpi, Vi€ [n], (2.9)
fezp XX Z;

where p; is the joint distribution of (z,z;) induced by & ~ px and z; ~ D;(x). Here py is a

user-specified sampling distribution on X and has full support.

3 The 0PGD Algorithm

In this section, we derive gradient-based online algorithms to find the Nash equilibrium in the game
(2.1), namely, the Online Performative Gradient Descent (OPGD). In Section 3.1, we formulate the
problem into bi-level optimization under Assumption 2.6. In Section 3.2, we consider .% to be the
linear and kernel function classes and derive the OPGD under first-order oracle. In Section 3.3, we
extend the kernel OPGD into the bandit feedback setting.



3.1 Bi-Level Formulation

To derive gradient-based algorithms, the first task is to estimate the unknown gradient H(z).
Recalling the unbiased estimator H(z) defined in (2.8), a natural method is estimating unknown
functions f; and using the estimation to compute the estimator H (x). In more detail, the estimation
of f; can be formed as a non-parametric regression problem (2.9. In each iteration ¢, the algorithm
gets a point u! ~ py in the joint action set X following a fixed distribution py and draws a sample
yl ~ D;(ul). Then for any iteration T, {(uf,yf)}kem are i.i.d. random variables. One might
minimize the empirical risk of (2.9) as estimations for f;, namely,

fi= argmm— ZHyZ ub)|?,  Vien]. (3.1)

fezr

Thus, (2.8) and (3.1) together yield an estimator for the gradient:

—~ T
~ Ofi(x
V,EZ(x) = vi&'(l’, Zi) + (Lg:i)> Vzi&(:c, ZZ'). (32)
1
In each iteration ¢, assuming that z! := (2!, - ,2l) is the output of the previous iteration,

OPGD performs the following update for all i € [n]:

(i) (Estimation update). Update the estimation of f; by online stochastic approximation for
(2.9).

(ii) (Individual gradient update). Compute the estimator (2.8) and perform projected gradient
steps
it = .
= projy, (¢} = ViLi(2")), Vi€ [n].

In fact, we formulate the learning of Nash equilibria into a bi-level optimization problem. The
lower-level problem is learning the parametric model, and the upper-level problem is finding the
Nash equilibrium. Moreover, step (i) solves the lower-level problem by stochastic approximation,
and step (ii) solves the upper-level problem by projected gradient descent.

3.2 Learning with First-Order Oracle

In this section, we derive the OPGD for both linear and kernel parametric models given the first-order
oracle. While the linear OPGD performs exactly the same as steps (i) and (ii), the kernel OPGD adds
a dynamic regularization term due to the infinite dimension of RKHS.

Linear Function Class. Let .# be the linear function class, namely, f;(x) = A;z for i € [n],
where A; € RP*? are unknown matrices. Then (2.9) becomes the least square problem A; =
arg min 4 cppxd By, y)mp 1i — Ajui||* with random variables u; ~ px,y; ~ Di(u;). We use the
gradient of the least square objective ||y; — A;u;]|? to derive the online least square update: A" «+
A—v(Au; —y;)u (Dieuleveut et al., 2017; Narang et al., 2022). In each iteration ¢, we suppose that



Az_l is the estimation of A; from the previous iteration, OPGD samples u} ~ px and y! ~ D;(ul)
and performs the following estimation update:

()AL= A=y (A7 — ) (u)T (33)

P

Recalling (2.7), the individual gradient is V,;L;(z) = E.,~Di(2) [Vi&(x, zi) + Agvzi&(ae, zi)], where
Ay = 0fi(x)/0x; € RP*% denotes the submatrix of A; whose columns are indexed by the agent i.
After step (i), OPGD draws a sample z! ~ D;(2') and compute the estimator (2.8) to perform the
projected gradient step:

(ii) a:ﬁ“ = projy, (xf — <V¢€i(xt, 2 + (Aﬁi)TVZi&-(xt, zf))) ) (3.4)

Kernel Function Class Now we consider .# as the kernel function class, namely, we suppose
fi € (H)P, where H is an RKHS induced by a Mercer kernel K : X x X — R and a user-
specified probability measure py. By the reproducing property of H, f; can be represented as
fi(x) = (fi, ), where ¢ : X — H is the feature map, i.e. ¢, = K(-,x) € H for any = € X.
Therefore, (2.9) becomes the kernel regression argmin re zp» By, y,)mp: 10 — (f, Pui )l

The extension of linear OPGD into the non-linear case is nontrivial. The major difficulty in
the RKHS case is that H generally has infinite dimensions, and solving the ERM version of
(3.1) leads to ill-posed solutions. Consequently, we consider the regularized kernel ridge regres-
sion argminye zr B, yiymp: 195 — (s Gus)2l|2/2 + Al f1%,- In each iteration ¢, we suppose that f; '
is the estimation of f; from the previous iteration, the OPGD algorithm samples u} ~ px,y! ~ D;(u}l)
and takes gradient steps on the kernel ridge objective |y} — (f, gbu§>7{||2/2 + M| 13, i-e. it takes
the online kernel ridge update (Tarres and Yao, 2014; Dieuleveut and Bach, 2016):

() S =17 [ ) — o) g+ 2T (3.5)

Since the kernel ridge regression arg minge zr By, yyop; |1i — (f, du)2l1?/2 + Al f]13, has a biased
solution f; ,, we let A\; shrink to 0 gradually to ensure f; , — f;. We remark that the change of
A¢ will bring drift error f; , — fix,_,, which is closely nested with the estimation error fi—fi. We
choose v, and \; carefully to let f;\, — fi and ff — f; , converge simultaneously (Theorem 4.18).

We suppose that the kernel K is 2-differentiable, i.e., K € C?(X, X). Define 9;¢ : X — H as the
partial derivative of the feature map ¢ with respect to x;, namely, 0,¢, = 0;K(x,-) = 0K (z,-)/0x;.
Steinwart and Christmann (2008, Lemma 4.34) shows that 0;¢, exists, continuous and 9;¢, € H.
By the reproducing property 0f;(x)/0x; = O(fi, ¢x)1/0x; = (fi, i), the individual gradient
ViLi(z) has the form V;Li(z) = E,, p,@)[Vili(z, z:) + ({fi, Bide)n) | Vo li(x, z)]. After step (i),
OPGD draws a sample z! ~ D;(z') and performs the projected gradient step:

(i) o projy, (wf —me (Vibi(a',20) + ((, 0ie)n) Vaiti(a', 21)) ) - (3.6)

We remark that the gradient steps 7,14 and regularization terms A; should be chosen carefully
to ensure convergence (see Theorem 4.19). Specifically, the regularization terms A; must shift to
0 gradually. If )\; is a constant, f! in (3.5) converges to the solution of a regularized kernel ridge



regression, which is a biased estimator of f;. Thus (3.6) fails to converge because the gradient
estimation has a constant bias. We present the pseudocode of OPGD for the linear setting as
Algorithm 1 and for the RKHS setting as Algorithm 2 in Appendix A.

Comparison with Narang et al. (2022). We clarify the difference between OPGD and the
Adaptive Gradient Method (AGM) proposed in Narang et al. (2022). To elaborate, AGM samples
2t ~ D;(a') at current the action and let agents play again with an injected noise u' to obtain
¢! ~ Di(x'+u'). The algorithm is based on the fact that E[q! —z!|u, 2] = A;u’, which is not related
to z'. Thus, 4; can be estimated by online least squares. We remark that E[g} — 2!|u’, z'] depends
on agents’ actions in the non-linear (RKHS) cases, because E[q! — 2!{u?, z'] = f;(2' +ul) — fi(z!) =
(fis Gzt ut — Pt ). Thus, the change of action will bring additional error that makes the estimation
fail to converge. In contrast, OPGD lets agents play u! ~ py to explore the action space and learn
the strategic behavior of other agents. OPGD estimates the parametric function by solving the ERM
version of (2.9) using online stochastic approximation (3.3) and (3.5). This learning framework can
be applied to RKHS and potentially beyond that, such as overparameterized neural networks using
the technique of neural tangent kernel (Allen-Zhu et al., 2019).

3.3 Learning in the Bandit Feedback Setting

In this section, we extend the kernel OPGD into the bandit feedback setting, which is common in
the real-world application. Given a joint action z and data z;, we only observe the loss ¢;(z, z;)
without access to the first-order oracle (i.e. the gradient of ¢; is unknown). Therefore, to compute
the performative gradient and conduct the projected gradient steps (3.4) and (3.6), we need to
estimate the unknown gradients V;¢; and V. ¢; from the observed loss ¢;(x, z;).

To estimate the gradients, we leverage the similar idea of estimating the decision-dependent
distribution D;. Suppose loss functions ¢; are in an RKHS B associated with the feature map ¢, we
estimate ¢; by online regression. The reproducibility of the RKHS implies that V{; = V{¢;, o) =
(¢;,0p)p. Thus, in order to obtain an estimation of the gradient, it is enough to estimate the loss
function ¢;.

Assumption 3.1. Suppose there exists a function class B such that ¢; € B for all ¢ € [n]. Specifi-
cally, we assume Z; = Z; for all 4, j € [n], and B is an RKHS on Y := X x Z; induced by a Mercer
kernel R : Y x Y — R associated with a measure py on ) with full support and a feature map
p:Y —B.

Next, to estimate the loss function ¢;, we consider the following kernel ridge regression. ).

~

0= argmin/ (b, 2) — (2, 2),05)° + o113
leB (z,2)~py

We remark that the full support of py in Assumption 3.1 is crucial, it ensures that the sampling

distribution py is non-degenerate and the sampling strategy can sufficiently explore ). Intuitively,

the full support assumption implies the noise term ¢; has the full support and we leverage the

noise term to explore. Given this intuition, we solve the ERM version of this ridge regression
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and consider the following online gradient steps. To elaborate, in each iteration ¢, OPGD samples

ul ~ px,yl ~ Di(ul) and obtains w! as the corresponding loss (i.e. w! = ¢;(ul,y!)). Firstly,

0PGD performs the gradient step (3.5) to learn the parametric function f;. Next, suppose that Kﬁf*l
is the estimation of ¢; from the previous iteration, OPGD performs the following estimation update:

O 0 — s (0 ) — ) pug e+l (3.7)

Here ¢ is the dynamic regularization term analogous to A; in (3.5). Given the estimated parametric
model and the estimated loss functions, OPGD performs the following projected gradient step:

2t projy, (wf = m ((Vie(a', 20), ) + (0 )2) (Vaipla, 20, 608) ). (3.8

In summary, OPGD performs three gradient steps in each iteration: first updates the estimation of
the parametric function f;, then updates the estimation of the loss function ¢;, finally performs the
projected gradient steps leveraging the estimated loss functions and parametric functions.

4 Theoretical Results

We provide theoretical guarantees for OPGD in both linear and RKHS settings. We first impose
some mild assumptions. Similar assumptions are adopted in Mendler-Diinner et al. (2020); Izzo
et al. (2021); Narang et al. (2022); Cutler et al. (2022).

Assumption 4.1. (7-strongly monotone). The game (2.1) is 7-strongly monotone.
Assumption 4.2. (Smoothness). H(z) is L-Lipschitz continuous:
H(xl)—H(xg) §L\|x1—x2H, V.%‘l,m'QEX.

Assumption 4.3. (Lipschitz continuity in z). Define D = D; x Dy X -+ - X D,, : X — P(Z), where
Z is the sample space Z = Z1 X Z3 X --- X Z,,. For all i € [n],x € X, there exists a constant § > 0,

E DIVt 2 <
z~D(z) i—1

Assumption 4.4. (Finite variance). There exists a constant ¢ > 0,

E HV,,ZZ&(x,zz) — E )Vl,zl&(.%',zz)Hz < <2, Vi € [n],Vm e X,

where V; ,,¢; denotes the gradient of ¢;(x, z;) with respect to z; and z;.

We remark that Assumption 4.2 is the standard smoothness assumption for the utility functions
Li(z) (Boyd et al., 2004; Nesterov et al., 2018). Since X is a compact set within R?, Assumption
4.3 holds if ¢;(z, z;) is Lipschitz continuous in z; and the gradient V., ¢;(x, z;) is continuous in z,
and Assumption 4.4 holds if ¢;(x, z;) is Lipschitz in x and z (thus V; . ¢;(x, z;) has a bounded
norm). Assumption 4.4 implies that the variances of V;¢;(z, z;) and V. ¢;(z, z;) are both bounded
by ¢2 for any z € X and z; ~ D;(x). Besides, we present sufficient conditions for the game (2.1) to
be strongly monotone.
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Proposition 4.5. (Sufficient conditions for Assumption 4.1). Suppose action sets X; are com-
pact and convex and loss functions ¢; are C'-smooth in x, z;. Suppose Assumption 2.6 holds and
parametric functions f; are differentiable in x. If there exist positive constants S, L;, R; such that

S >2¢/> " (LiR;)? and the following properties hold for all i € [n]:
(i) fi(x) is L;-Lipschitz continuous in x € X.

(i) The map z; — Vl;(z, 2;) is R;-Lipschitz continuous and the map u — E., .p,(uz_,)li(T, 2i) is
monotone in u € &; for any fixed x € X.

(iii) The static game (4.1) is S-strongly monotone for any y € X:

min LY(z;,x_;), where LY(z)= E {i(z,z). (4.1)
T, €EX; ZZNDZ(y)

Then Assumption 4.1 holds for 7 =5 — 21/ " | (L R;)?.

We refer the reader to Appendix C.4 for complete proof. Next, we propose the convergence
guarantee given the estimation error of the gradient of the loss function ¢; and the parametric
function f;.

Theorem 4.6. (General convergence guarantee). Suppose that Assumptions 4.1, 4.2, 4.3, and 4.4
hold. Suppose that there is an algorithm outputs 9 fit and V/; in iteration ¢, and performs the
following projected gradient step to find the Nash equilibrium

2! proj, (wf = me (Valh(a', 20) + (0} (") /02:) TV, lh(a*, 2D)) ) (4.2)

where z! is the output of iteration ¢ — 1 and z! ~ D;(z'). Suppose that there exists some positive
constants a; and ag, such that the estimation error of gradients holds for all z € X, z; € Z; (i € [n])
and each iteration t:

0} (2)/ 0w — 0fi(x)/dxillr S OW™™) and  ||[Vli(w,z) = VE(z, )| SO(E*).  (4.3)

~

For all ¢t > 1, set m; = (14 (1 A 2a1 A 2a2))/(7(t + to)) where ¢ is a positive integer, then the z
generated by this algorithm satisfies

Eth - x*H2 S O(t—(l/\2a1/\2a2)>.

We refer the reader to Appendix C.1 for complete proof. Intuitively, Theorem 4.6 presents
a general convergence framework for OPGD, where it approximates the loss function ¢; and the
parametric function f; by the linear or kernel function class with polynomial rate.

4.1 Convergence Rate in the Linear Setting

In this section, we derive the convergence rate of the linear OPGD with first-order oracle. We
introduce two assumptions necessary to derive theoretical guarantees for the linear function class.
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Assumption 4.7. (Linear assumption). Suppose that the parametric assumption holds (Assump-
tion 2.6) and f;(x) = Az for i € [n], where 4; € RP*? are unknown matrices.

Assumption 4.8. (Sufficiently isotropic). There exists constants l1,ls, R > 0 such that
W < Eyoppun’,  Eyopelul> <lo,  Euopy [Hu||2uuq < RE,ppuu .

Assumption 4.8 has been studied in the literature on online least squares regression (Dieuleveut
et al., 2017; Narang et al., 2022). Essentially, this requires the distribution py to be sufficiently
isotropic and non-singular, and it ensures the random variable u! ~ pxy in the online estimation
update step (3.3) can explore all the "directions” of RP. A simple example that satisfies Assumption
4.8 is the uniform distribution px = U[0, 1], in which case I} =1y = 1/3, R = 3/5.

The next theorem provides the convergence rate of OPGD under the linear setting.

Theorem 4.9. (Convergence in the linear setting). Suppose that Assumptions 4.1, 4.2, 4.3, 4.4,
4.7, and 4.8 hold. Set ny = 2/(7(t + t9)), ve = 2/(l1(t + to)), where ty is a constant that satisfies
to > 2lsR/ l%. For all iterations ¢ > 1, the 2! generated by the OPGD algorithm in Section 3 for
linear function class satisfies

(4D1 4 2Do(tg + 1)7)(to 4 2)2/(tg + 1)? N (to + 1)?||zt — z*||?

E $t—x* 2 < ,
| "= 7'2(t+t0) (t+t0)2

(4.4)

where D7 and D9 are constants that

2t5 > iy | A) — Adll% | 8nlao?(to + 2)?
Dy =4 (142(M/ (to+1)+sup || Ai[| %)), Do =20°M, M = —0=i=11"" F
1= A (1H2(M/ (to+1) isel}f]” 7)), D2 (oo 1 1P Pl 112

Sketch of the Proof. The proof has three steps. First, we derive estimation error bounds of
(3.3):

Lemma 4.10. (Estimation error). Suppose Assumptions 4.7, 4.8 hold and set vy = 2/(l1(t + to)),
where t( is a constant satisfies ty > 2o R/ l%. Then the matrix A;f generated by OPGD satisfies

2t 0 2, 8lo? (tor2)>
WHAZ _AIHF"" 1% to+1

E| A} - AillF <

4.
t+to (4.5)

Second, we prove that projected gradient steps (3.4) satisfy the stochastic framework (As-
sumption B.1 in Appendix B.1). In more detail, we derive bias and variance bounds for gradient
estimators H(x):

(Bias)  [|((AL — Ayu) "BV, 0(at, Zf))z‘e[n} I,
(Variance)  Eo|[(IViti(a', 1) — EViti(a’, 20)] + (AL) TV, lala, 20) — BV (e, 2D)])ieu |2

Using Lemma B.2 in Appendix B.1, we derive the following one-step error bound:
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Lemma 4.11. (One-step error). Suppose Assumptions 4.1, 4.2, 4.3, 4.4, and 4.7 hold. Let G =
{Gi}ten be the filtration Gy = o{{z7};cr) U (ul,y!)} and define E[-] = E[|G;]. For any gradient
steps n; < 7/(4L?), the ! generated by OPGD satisfies

An7 (1 + supep | 451 7) N 200° supyep | 4F — Aill 7

1
Byl — 2*||* < [
1—1—77157' 7’(1—|—7]t7')

< 17 *SU*”2
+’f]t7'

(4.6)

Finally, putting the estimation error and the one-step error bounds together, we have that

Din? Do/t
Bt — 27| < — 1 Rjjat — 0| 4 2y Do/t (4.7)
1+7]t7' 1+7]t7' 1+7]t7'
which further leads to (4.4). See Appendix Sections C.2 and D for the detailed proofs. O

We illustrate the parameters involved in Theorem 4.9: 7 is the strongly monotone parameter
of the game (2.1), l1,l2, R are intrinsic parameters describing the isotropy of the distribution px
(Assumption 4.8), o2 is the variance of the noise term ¢; defined in Assumption 2.6, ¢ and &
describe the continuity of ¢; (Assumption 4.3, 4.4), ¢¢ is a sufficiently large value, A? is the initial
estimation of A;, 2! is the initial input. Theorem 4.9 is a combination of Lemma 4.10 and Lemma
4.11, where Lemma 4.10 is the statistical error of the online approximation step (3.3) and Lemma
4.11 is the one-step optimization error of the projected gradient step (3.4). Theorem 4.9 implies
the convergence rate of OPGD in the linear setting is O(¢t~!), which matches the optimal rate of
stochastic gradient descent in the strongly-convex setting.

4.2 Convergence Rate in the RKHS Setting

In this section, we derive the convergence rate of the kernel OPGD with first-order oracle. Suppose
that K : X x X — R is a continuous Mercer kernel and py has full support. Define the integral
operator Ly : E% . — H by the integral transformation:

Li(f)(z) = /XK(x,t)f(t)de(t), VfeHVreX.

By Mercer’s theorem, K has the spectral representation K =Y 2, uie; ® e;, where ® denotes the
tensor product, {u;}5°, are eigenvalues and {e;}:°, are eigenfunctions with respect to the operator
L. Moreover, {e;}°, is an orthogonal basis of E% , and {,u,;/ 261'};?21 is the orthogonal basis of H,

which induces the representation H = {d ;7 ai,ui/zei : {a;}2, € £2}).

Definition 4.12. (Power space). For a constant o > 0, the a-power space of an RKHS H is
defined by

HE = {Z ai,u?ﬂei H{ai}, € 52},
i=1

equipped with the a-power norm ||-||o and inner product (-, -), where ||>-77, aiu?/zei o == (Z
2 2
and (352 ain e, Y002 bigsPei)o = 352, aibi.

oo 9\1/2
i=1 ai)
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We remark that: (i) H! = H and H* C HP for any o > 3, (ii) [|[li = ||'|lx and [|-lo = ||l pe
and (iii) H® is an RKHS on X’ with kernel K% := >, u%e; ® e; and measure py. We review more
properties of RKHS and power spaces in Appendix Sections B.2 and B.3.

We present assumptions on the kernel function class, similar assumptions can be found in
the literature on kernel regression and stochastic approximation (Caponnetto and De Vito, 2007;
Steinwart et al., 2009; Dicker et al., 2017; Pillaud-Vivien et al., 2018; Fischer and Steinwart, 2020).

Assumption 4.13. (Source condition). Suppose Assumption 2.6 holds and there exists an RKHS,
H, with a bounded differentiable Mercer kernel, K, and constants 3, £ > 0 such that sup,cy K(z,z) <
k2 and f; € (HP)? for all i € [n].

Assumption 4.14. (Embedding property). There exist constants a € (0,1], A > 0 such that
K%z, x) =Y 0%, ufe?(x) < A2, for all z € X.

Assumption 4.15. (Lipschitz kernel). Suppose Assumption 4.14 holds and there exists & > 0
such that [|0;¢%]|o < € for any i € [n] and z € X, where ¢ : X — H“ is the feature map of the
kernel K“.

Assumption 4.13 holds when K is bounded, differentiable, and each coordinate of parametric
functions f; lies in the power space H?. When § < 1, Assumption 4.13 includes the challenging
scenario, namely, f; ¢ (H)’. Assumption 4.14 holds if there exists a power space H® such that
the kernel K¢ is bounded. Thus, Assumption 4.14 holds with « = 1 for any bounded kernel K.
We further propose Proposition 4.16 as sufficient conditions for the embedding property following
Mendelson and Neeman (2010). Recalling the definition of partial derivative 9;¢® : X — H®
(Section 3), Assumption 4.15 holds if 9;0;1 ¢ K(z,x) = ||0;¢0%||% < &2 for any x € X, i.e. it holds

for any Lipschitz kernel K¢.

Proposition 4.16. (Sufficient conditions for Assumption 4.14) Suppose there exist constants
C,D,p >0 and g € (0,1) such that

sup ifleilleo < C - and i < Di~/a,
1€

where ||-||co denotes the L> norm. Then Assumption 4.14 holds for any o > 2p + q.

Proposition 4. 16 follows from the inequality: sup,cy K*(z, ) = sup,cy Zfil(,ufei(x))%u?dp <
C?Do—2p > (@=29)/4 < 0. Now we present an example that satisfies these assumptions.

Example 4.17. (Splines on the Circle). Let X' = [0,1] associated with the measure [0, 1].
For any m € N, let H be the collection of all zero-mean periodic functions f on [0, 1] of the
form f:t — V23 7% ai(f) cos(2mit) + V23 2%, bi(f) sin(2mit), associated with the norm | f[|%, =
Soi2i(ai(£)?+bi(f)?)(2mi)*™ and the inner product (f, g)u = >2;2, (2m8)*™ (a;(f)ai(g)+bi(f)bi(g))-
Following Wahba (1990), #H is an RKHS with the kernel R,,(z,y):

o0 B (_1)m—1
; — cos(2mi(z —y)) = om)

Bom({z —y}),
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where Ba,,(-) denotes the 2m-th Bernoulli polynomial and {x — y} is the fractional part of = — y.
It is easy to check that (v/2cos(2miz), v/2sin(27iz));en are eigenfunctions with eigenvalues ju; =
(27i)~2™ (Dieuleveut and Bach, 2016). Thus, Proposition 4.16 holds for any p > 0 and ¢ > 1/(2m)
because the eigenfunctions are uniformly bounded and eigenvalues p; ~ i~2™, which implies that
Assumption 4.14 holds for any o > 1/(2m). Moreover, for any k € N, let each coordinate of the
parametric function f;(x) be Bg(x), then Assumption 4.13 holds for 8 = (2k — 1)/(2m) because
By(x) = =2k 2, W (Abramowitz et al., 1988). For any m > 1, the kernel Ry, (z,y)

is bounded and differentiable, thus Assumption 4.15 holds.

We then provide the convergence of the proposed algorithm under the RKHS setting. Specifi-
cally, we present the guarantees for the online estimation error (Lemma 4.18) as well as the rate of
convergence to the Nash equilibrium (Theorem 4.19).

Lemma 4.18. (Estimation error of f{). Suppose Assumption 4.13 holds for some 8 € (0,2],
Assumptions 4.14, 4.15 hold for some a € (0,1] and < . For all iterations ¢ and positive
constant a, define T = t + to, where ¢y is a constant satisfies ¢y > (ax? + 1)2. For a constant
v € |a, B) and v < 1, set the gradient steps and regularization terms as

B=vy+1 1
1\ B8—+2 1 /1)\B-+2
Vt =a <) 5 )\t = — () .
t a \1

Ifa<\B-7+2)/(B—7)(to+1)/(to +2)k7"2A7Y, the f! generated by OPGD (Algorithm 2)
with input kernel K satisfies

B
E|f; - sz% SOt F+2). (4.8)

We refer the reader to Appendix E.1 for the complete proof. Lemma 4.18 presents the error
bound of online stochastic approximation (3.5) under the power norm ||-||,. Our result includes the
classical theory under the RKHS norm ||-||; and extends it on a continuous scale. In more detail, for
any v € [a, f) and v < 1, Lemma 4.18 describes how to choose the step-sizes 14 and regularization
term \; properly to insure convergence under |-||, with the convergence rate O(t~(#=7)/(=7+2)),
For g > 1 and v = 1, this rate would be O(t_(ﬁ_l)/(ﬂ“)) and matches the optimal rate under
the RKHS norm Ying and Pontil (2008); Tarres and Yao (2014). If the embedding property
(Assumption 4.14) holds for some a < 1, we choose ¥ = « to achieve a faster rate O (¢t~ (8—)/(B-a+2))
(which further leads to Theorem 4.19). Besides, while classical theory assumes Assumption 4.13
holds for B > 1 (ie. f; € (HP)? C (H)P), our result relaxes this assumption to 8 > a and
allows 8 < 1. Intuitively, this implies that the online stochastic approximation can address the
misspecification case f; ¢ (H)? if o < 1.

Here we briefly talk about the technical challenges to obtain the power norm bound. Intuitively,
the main challenge to derive power norm bounds for iteration (3.5) (i.e. f;) under the norm |||,
arises from the differing properties between the power space H” and the RKHS . To elaborate,
the standard method to derive error bounds under ||-|| decomposes the error f! — f; by the
operator I — vy (Ly + M) where L; = ¢f¢, (refer to (E.2)), and the analysis is based on the
fact that I — v4(Ly + M) is a contraction map on #H. This is because the sampling operator
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L; is compact, self-adjoint, and positive-semidefinite on H, thus, the spectral theorem implies
|- —ve(Le+MI)||y—n < 1—vA, where ||-||1—% denotes the spectral norm. However, this operator
does not exhibit the same behavior on the power space ‘H”. By the definition that L; = ¢} ¢;, for
any hi,hy € H7, we have Li(h;) = hi(z')¢y = (hi, ¢] )¢y and (Lihq, ha)y # (h1, Lihe) (here we
lift the domain of L; from #H to H"). Thus, L; is not self-adjoint or positive-definite on H7 and the
spectral norm ||I — vy(Ly + M) |37~ might larger than 1.

To overcome the aforementioned difficulty, we propose a series of novel proof steps. The main
technical innovation is that our analysis decouples power norm bounds by RKHS norm by consider-
ing semi-population iteration and recursive decomposition, such methods can be applied to derive
power norm bounds for other online algorithms (refer to ”Technical contributions” paragraph in
Appendix E.1 to a detail explanation for our innovation).

Theorem 4.19. (Convergence in the RKHS setting). Suppose that Assumptions 4.1, 4.2, 4.3,
4.4 hold, Assumption 4.13 holds for some 5 € (0,2], and Assumptions 4.14, 4.15 hold for some
a € (0,1] and o < B. For all iterations ¢ > 1 and positive constant a, define t = t + t(, where ¢ is
a constant that satisfies tg > (ax? + 1)2. Set the gradient steps and regularization terms as

——1 _B—a+l 1 - 1
m = (Tt) s vp=a-t B*a+2, )\t =a -t Boat2,

Ifa<(B—a+2)/(B—a)to+1)/(to +2)x* 2A7L, the 2! generated by the OPGD algorithm in
Section 3 using kernel K for online estimation steps (3.5) and projected gradient steps (3.6) satisfies

_ _B=a
Elle’ - o*|> < Ot 7=52). (4.9)

The proof strategy for Theorem 4.19 is similar to that of Theorem 4.9, namely, we derive the
estimation error (setting v = « in Lemma 4.18) as well as the one-step error (Lemma C.1) and
combine them to obtain the result. We refer readers to Appendix C.3 for the complete proof of
these results.

We demonstrate the parameters involved in Theorem 4.19. Parameters «, 3, k,7, A are in-
trinsic: (3, k, A are determined by source condition (Assumption 4.13), « is determined by em-
bedding property (Assumption 4.14), and 7 is the strongly monotone parameter. Parameters
a,ty are user-specified: to is a sufficiently large value, a is characterized by the inequality a <
V(B —a+2)/(B—a)to+1)/(to+2)s*2A~1 when tg is determined, a smaller a leads to a larger
constant term in (4.9).

Theorem 4.19 implies that OPGD leverages the embedding property (Assumption 4.14) to obtain
better convergence rates. For any bounded kernel, Assumption 4.14 holds for o = 1, thus Theorem
4.19 guarantees the rate (’)(f%). Moreover, suppose that the kernel satisfies some good embed-
ding property, that is, a < 1, since larger 8 — « leads to faster convergence rates. In that case,
we obtain a better rate O(t_%) by setting the gradient steps and regularization terms vy, A
corresponding to «, . Besides, OPGD can handle the challenging scenario (f; ¢ (H)? if 8 < 1) when
the embedding property of kernel holds for o < . Furthermore, one could extend Theorem 4.19
to the situation where § — a > 2, using the same proof steps, but the convergence rate will fix at
O(t~1/?), this saturation phenomenon has been studied in Dieuleveut and Bach (2016); Lin and
Cevher (2020); Li et al. (2023).
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4.3 Convergence rate in the bandit feedback setting

In this section, we derive the convergence rate of the kernel OPGD in the bandit feedback setting.
Compared with learning under the first-order oracle, the OPGD performs the additional gradient
step (3.7) to estimate the unknown loss function ¢; leveraging a kernel function class 5. Suppose
B is an RKHS associated with a continuous Mercer kernel R : J) x J — R and a measure py (has
the full support). Therefore, it is sufficient to derive the estimation error £ — ¢;, and the remaining
steps would be analogous to Section 4.2.

For simplicity, we consider ¢! — ¢; with respect to the RKHS norm |-||z instead of the power
norm, and present the following assumption on the kernel function class B, which is similar to
Assumptions 4.13, 4.14, 4.15 for the kernel function class ‘H and its power space. We remark
that Assumption 4.20 is analogous Assumptions 4.13,4.14,4.15, where /3 corresponds to 3', k = A
corresponds to k', a = 1, and & corresponds to £&. The embedding property is included in the
source condition since R is assumed to be a bounded kernel (sup,cy R(y,y) < &’ 2).

Assumption 4.20. (Assumptions on kernel).

1. (Source condition). Suppose Assumption 3.1 holds and there exists an RKHS, B, with a
bounded differentiable Mercer kernel, R, and constants 8’ > 1, x’ > 0 such that SUPycy R(y,y) <
K% and ¢; € BY for all i € [n].

2. (Lipschitz kernel). There exists & > 0 such that ||0jpy|p < & for any ¢ € [n] and y € ),
where ¢, : X — B is the feature map of the kernel R.

Now we derive the convergence of the kernel OPGD in the bandit feedback setting. As aforemen-
tioned, the key step would be bounding the estimation error ||t — ¢;]|.

Lemma 4.21. (Estimation error of £). Suppose Assumption 4.20 holds. For all iterations ¢ and
positive constant a, define t = t + tg, where tg is a constant satisfies t; > ((m’2 +1)2. Set the
gradient steps and regularization terms as

B 1
1)\ 8+t 1 /1\58+1
St=a| = s Lt = — | = .
t a \ 't

Ifa < /(B +1)/8 - (to+1)/(to +2) - &2, the ¢! generated by OPGD using the gradient step (3.7)
and kernel R satisfies

_B—1
E|¢ — 6]} < Ot 75), (4.10)

Lemma 4.10 is a direct corollary of Lemma 4.18. In fact, the proofs are the same if we set 5 = /3,
a =+ =1, and kK = k/. Next, we combine the estimation error ¢! — ¢; (Lemma 4.21) and f! — f;
(Lemma 4.18) to derive the convergence result.

Theorem 4.22. (Convergence in the bandit feedback setting). Suppose the assumptions in The-
orem 4.19 and Lemma 4.21 hold. For all iterations ¢ > 1 and positive constant a, define t = t + tg,
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where tg is a constant that satisfies to > (ax? + 1)2 V (ax’®> + 1)2. Set the gradient steps and
regularization terms as

B—a+1 _ 1 8’ 1

= (0", wy=a-t Fer2, N=qal.f P2 s =q-1 v=at-t I,

Ifa < (to+1)/(to+2)- (\/(5 —a+2)/(8— a)/@a*ZA”) A ( B'+1)/56 - H/_Q), the ¢ generated
by the OPGD algorithm in Section 3 leveraging online estimation steps (3.5), (3.8) (use kernels K
and R) and projected gradient steps (3.6) satisfies

E|zt — 25| < O (t(ﬁﬁa%)A(S:ﬁ)) . (4.11)

Given Lemma 4.18 and Lemma 4.21, Theorem 4.22 is a corollary of Theorem 4.6. We re-
mark that the parameter ¢y is a sufficiently large value, a is a sufficiently small value, and other
parameters are determined in the assumptions involved in the statement. The convergence rate

(B ya(B=L
O(t (3*‘”2)“5’“)) is the minimum of the estimation errors E| f{ — f;||> and E[|¢/ — £;||3. Since
( Bé 212)/\(2:3) =1 éé ;)o‘/)\(Aﬂ(?_lI)llz, (4.11) implies the convergence rate of OPGD is mostly determined
by the regularity of the loss function ¢; and the parametric function f;, namely, a larger 5 — « or

B — 1 might leads to a faster convergence rate.

5 Numerical Experiments

In this section, we conduct experiments on multi-agent decision-dependent games in both the linear
and the RKHS settings to verify our theory. All experiments are conducted with Python on a laptop
using 14 threads of a 12th Gen Intel(R) Core(TM) i7-12700H CPU.

5.1 Convergence Rate Analysis

Basic Setup. We consider two-agent decision-dependent games with 1-dimensional actions. Namely,
for all i € [2], define the game
min L;(x), where Lij(z)= E ¥{i(z,2), (5.1)
zEX 2~Di(z)
where X = [0,1] x [0,1], z € X, z; € R, and ¢;(z, %) is the loss function to be determined. Let the
distribution map be D;(z) ~ N (fi(z),0.2), where f; is the parametric function determined by the
specific function class. Then the game (5.1) follows the parametric assumption (Assumption 2.6)
with z; = fi(z) + €, where ¢; ~ N(0,0.2) the independent Gaussian noise term.

Linear parametric model. Let the loss function be ¢;(z,z;) = —z + 27 and set the linear
parametric function as fi(x) = z1 and fa(x) = 2x2, namely, the parametric model is z; = A;x + ¢;
where A1 = [1 0] and As = [0 2]. The the game (5.1) has the gradient H(x) = (221 — 1,2x9 — 2),
therefore, the game (5.1) is convex, C''-smooth, 1-strongly monotone and the Nash equilibrium is
x* = (1/2,1). We conduct a simulation based on this model to check the convergence rate. We
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Figure 1: (a) Linear setting: The X-axis represents the iteration from 1 to 10,000, while the
Y-axis represents the norm-squared error of x! to the Nash equilibrium z* = (1/2,1), averaged
over 20 random seeds. Both axes are on a log scale. The blue solid line represents the output
of OPGD and the orange dashed line represents the theoretical rate O(¢t~!). (b) RKHS setting:
The X-axis represents the iteration from 1 to 10,000, while the Y-axis represents the norm-squared
error to the Nash equilibrium z* = (1/2,1/2), averaged over 400 random seeds. Both axes are on a
log scale. The blue solid line represents the output of OPGD and the orange dashed line represents
the theoretical rate O(t~1/2).

set the sampling distribution as py = U[0,1] x U[0, 1], the initial point as 2° ~ py, and the initial
estimation as zero. Moreover, letting ¢y = 10, we set the gradient step sizes as n, = 6/(t + to), vy =
6/(t+ to).

Kernel parametric model. Following Example 4.17, we set X = [0,1] x [0,1], px = U]0,1] x
U[0,1], and define the kernel Q((z1,x2), (y1,v2)) = K(x1,y1) - K(x2,y2) as the product kernel of
K(xz,y) =40Bs({x —y}) (i.e. K(x,y) = 960R2m(x,y) where m = 2). Suppose that #H is the RKHS
on A induced by the kernel () and the distribution py. Set the parametric function as the product of
two 3-order Bernoulli polynomials, namely, f(x1,22) = Bs(x1)- B3(w2) = (23 —322/2+11/2) - (23 —
323/2 +x2/2). Since cos(2mix) and sin(2miz) are eigenfunctions of the kernel K for i € N*, by the
property of product kernel, sin(2mizy) sin(27jx2), cos(2mizy ) sin(2wjxs), cos(2mixy) cos(2mjxe) are
eigenfunctions of the kernel @ for all i, j € N*. Therefore, we set £;(z, z;) = —z;+cos(2mx1) cos(2mry)—
z; + 22 and let fi(x) = cos(2mzy)cos(2mas) for i € [2]. Then the gradient of this game is
H(x) = (2z1 — 1,229 — 1), thus, this game is convex, C'-smooth, 1-strongly monotone and the
Nash equilibrium is z* = (0.5,0.5).

Following Example 4.17, Assumption 4.13, 4.14, 4.15 hold for any 5 > 1 and any a > 1/4.
Set to = 10 and a = 7, we set the gradient step sizes as 7; = 6/(t + to), vy = a/(t + )34\ =
1/(a(t + tg)*/*) (because (8 — a) A 2 = 2, which corresponds to (3 —a+1)/(8 — a + 2) = 3/4).
Thus, following Theorem 4.19, the convergence rate is O(t~1/2).
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Figure 2: (a) Linear setting: Comparison of Linear OPGD averaged by 400 seeds (blue), AGM
averaged by 20 seeds (orange), and RSGM averaged by 20 seeds (red) in the proposed linear model.
The Y-axe takes the log scale. (b) RKHS setting: Comparison of Kernel 0PGD averaged by 400
seeds (green), Linear OPGD averaged by 20 seeds (blue), AGM averaged by 20 seeds (orange) in the
proposed non-linear model. The Y-axe takes the log scale.

Results. We perform experiments for both parametric settings to verify the convergence rates
and compare the theoretical and simulated rates, as shown in Figure 1. Since both X and Y axes
take the log scale in Figure 1, the slopes of these lines denote the convergence rates. Figure 1(a)
shows the converge rate of the linear setting within 10, 000 iterations, the simulated rate matches
our prediction, i.e. it is close to O(t~!). Figure 1(b) shows the convergence rate of the RKHS
setting within 10, 000 iterations, it implies that the simulated rate is close to the theoretical rate
O(t~'/2) when the iteration t is larger than 1,000. These results validate Theorems 4.9 and 4.19.

5.2 Comparison with Baseline Algorithms

In this section, we compare the performance of Linear OPGD (Algorithm 1), Kernel OPGD (Algo-
rithm 2), AGM (Algorithm 1 in Narang et al. (2022)), and the baseline algorithm in performative
prediction RSGM (Section 4.3, Repeated Stochastic Gradient Method in Narang et al. (2022)).

Figure 2(a) compares the performance of the linear OPGD, adaptive gradient methods (AGM),
and Repeated Stochastic Gradient Method (RSGM) on the two-player decision-dependent game
with the linear parametric model as previously described. Letting to = 10, for AGM, we set the
injective noise as N (0,0.32), and the gradient steps are the same as linear OPGD . For RSGM, we
set the gradient steps as m, = 5/(t + o). Figure 2(a) shows that for the decision-dependent game
with linear parametric function, linear 0PGD and AGM converge to the Nash equilibrium (1/2,1)
with the same rate O(1/t), while RSGM fails to find the Nash equilibrium. This is because RSGM
only uses the term V;¢;(x, z;) of the performative gradient (2.6) for gradient descent, and ignores
the dependence between the distribution D;, consequently, it cannot characterize the decision-
dependent distribution.
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Figure 2(b) compares the performance of the Kernel OPGD, the linear OPGD, and AGM on
the game with the aforementioned non-linear parametric model. We set the gradient steps of
linear OPGD and AGM as n: = 4/(t + to), 1 = 4/(t + to) where tp = 10, and set the injective
noise of AGM as N(0,0.32). The gradient steps and regularization terms of the kernel OPGD are
m=6/(t+to), vy = T/(t+1t9)>* N\ = 7/(t +to)*/*. Figure 2(b) shows that for proposed the non-
linear parametric function, the kernel OPGD converges to the Nash equilibrium (1/2,1/2), while
both the linear OPGD and AGM fail to find the NE. In fact, the linear OPGD and AGM approximate
the parametric function by linear models and have large estimation errors, thus, the estimated
performative gradient (2.8) has a constant bias and makes the projected gradient descent fails to
converge.

5.3 Semi-Synthetic Simulation: Revenue Maximization

In this section, we conduct a semi-synthetic simulation for revenue maximization of the rideshare
market (Example 2.4). We study the rideshare market in Boston from November 26, 2018, to
December 18, 2018. To elaborate, we consider a multi-agent decision-dependent game, where the
strategic agents are Uber and Lyft. ! We perform both linear OPGD and kernel OPGD on this game
and calculate the corresponding revenue.

Game construction. We set up the decision-dependent game analogous to Example 2.4. In more
detail, we consider a ride-share market with two companies as strategic agents. Each company ¢
sets the price z; € R and seeks to maximize its revenue z;x;, where z; € R is the demand generated
by the strategic users. We remark that the demand z; is decision-dependent because users compare
the prices x; among all the companies. Suppose that company ¢’s loss function ¢; is defined by

Zi(l‘, Zi) = —Z;T; + )\l.’EZQ,

where \; > 0 is the some regularization parameter and x = (;);c|, is the joint action that
represents the prices of all the companies. Intuitively, this loss function is the negative revenue plus
some regularization term to ensure the game is strongly monotone. Next, we learn the decision-
dependent distributions D; from the aforementioned dataset of the rideshare market in Boston. To
elaborate, this dataset contains the prices for 72 different routes of Uber and Lyft. Consequently,
there are two strategic users and we use the record for the route starting from Back Bay and ending
at Boston University to learn D; for all i € [2].

We model these decision-dependent distributions following the parametric assumption, namely,
zi = fi(z) + €, where f; is the unknown parametric function and €; ~ A/(0,10) is the independent
Gaussian noise. We remark the prices in this dataset are rounded to one decimal place, specifically
to the nearest .5. Thus, we count the number of prices from 5 to 25 and approximate the parametric
function f; by the period kernel (Example 4.17) using kernel ridge regression. Note that here we
fit a non-linear parametric model, which is more flexible. Specifically, we set X = [0, 1] x [0, 1],

!The data used in this paper is publicly available (https://www.kaggle.com/datasets/brllrb/
uber-and-lyft-dataset-boston-ma).
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Figure 3: (a) Linear OPGD: Revenue corresponds with the Nash equilibrium (10.610581, 7.802483)
obtained by the linear OPGD, where the revenue of Lyft is 1251.447 and of Uber is 2556.880. (b)
Kernel 0PGD: Revenue corresponds with the Nash equilibrium (10.776331, 15.376748) obtained by
the kernel OPGD, where the revenue of Lyft is 2208.374 and of Uber is 14512.855. (c) Social costs:
Social costs for Lyft and Uber (i.e. the sum of loss functions for these two agents) obtained by the
linear and kernel OPGD, the social cost for the linear case is —2073.695 and for the kernel case is
—13195.492.

px = U[0,1] xU|0, 1], and the kernel as Q((z1,x2), (y1,y2)) = K(x1,y1) - K(x2,y2), where K (z,y) =
65B4({x — y}). We use outputs of this kernel regression, which are estimations for f; and fa, to
generate the demand z; synthetically for OPGD.

Revenue and social cost. We use the linear 0PGD and kernel OPGD for the aforementioned
two-agent decision-dependent game to find the Nash equilibrium. For the linear OPGD, we set
gradient step sizes as to = leb,n; = 0.5/(t + to), and vy = 0.5/(t + to). For the kernel OPGD, we
set the gradient step and regularization terms as to = 2e5,7; = 0.1/(t + to), vy = 7/(t + to)3/4,
and Ay = 1/(7(t + to)'/*). We run the linear 0PGD for 10 different seeds with 10000 iterations and
compute the average as the Nash equilibrium, similarly, we run the kernel OPGD for 10 different
seeds with 10000 iterations and take the average. The results show that the linear OPGD converges to
(10.610581, 7.802483) and the kernel OPGD converges to (10.776331, 15.376748). Next, we calculate
the loss functions £; for both Uber and Lyft as well as their revenue. Moreover, to evaluate the
efficiency of the Nash equilibrium, we compute the social cost for each equilibrium, which is defined
as the sum of all the agents’ individual rewards:

We use the aforementioned estimated decision-dependent distribution D; to calculate the revenue
as well as social cost for the Nash equilibria obtained by the linear OPGD and the kernel OPGD.
Figure 3(a) presents the revenue for both Lyft and Uber corresponding with the Nash equilibrium
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(10.610581, 7.802483) calculated by the linear OPGD and Figure 3(b) presents the revenue for these
companies obtained by the kernel OPGD. These plots show that for both the linear and non-linear
methods, Uber has a larger revenue compared with Lyft, especially for the Nash equilibrium ob-
tained by the kernel OPGD. Moreover, Figure 3(c) presents the social costs for the equilibria obtained
by both the linear and kernel OPGD, it shows that the social cost obtain by the kernel algorithm
is much smaller than the linear algorithm, which further implies that the equilibrium obtained by
the kernel OPGD has better social efficiency.

6 Conclusion and Discussion

In this paper, we study the problem of learning Nash equilibria in multi-agent decision-dependent
games. We propose a parametric assumption to handle the distribution shift and develop a novel
online algorithm OPGD in both the linear and RKHS settings. We derive sufficient conditions to
ensure the decision-dependent game is strongly monotone under the parametric assumption. Given
the first-order oracle, we show that OPGD converges to the Nash equilibrium at a rate of O(t~1) in
the linear setting and (’)(f%) in the RKHS setting. We further extend the algorithm into the
bandit feedback setting and derive the corresponding convergence rate.
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A Pseudocode

Algorithm 1: OPGD in the Linear setting
Input: Initial !, initial A = 0, step sizes of GD {m; }sen, step sizes of stochastic

approximation {1 }+en, sampling distribution py

1 fort € Ndo
2 | forie€[n| do
3 1. Random sampling: Draw sample u! ~ py;
4 2. Query the environment: Draw sample y! ~ D;(ul);
5 3. Estimation update: Af « A!"' — vy (Al — yf) (uf) T
6 4. Query the environment: Draw sample z! ~ D;(z!);
7 5. Individual gradient update:
it projy, (zt —my (Vili(al, 2t) + (AL) TV, 6 (2, 2)));
8 end
9 end

Algorithm 2: OPGD in the RKHS setting
Input: Kernel K, initial 2!, initial f? = 0, step sizes of GD {n:}+en, step sizes of stochastic

approximation {v; }en, regularization term {\;}¢en, sampling distribution px
1 for t € Ndo

2 for i € [n] do
3 1. Random sampling: Draw sample uf ~ px;
4 2. Query the environment: Draw sample y! ~ D;(ul);
5 3. Estimation update: ff « f/™' -y [(ff_l(uf) —y!) dut + )\tff_l};
6 4. Query the environment: Draw sample 2} ~ D;(z');
7 5. Individual gradient update:
. T

2 projy, (at—m (Viti(at,2) + (71,0 )n) | Vatlilat, 1)) );
8 end
9 end

B Preliminary

B.1 Lemma for Stochastic Gradient Methods

In this section, we present a lemma (Lemma B.2) for the projected stochastic gradient method
with bias following Narang et al. (2022). This lemma plays an important role in the convergence
analysis of Algorithm 1 and Algorithm 2, specifically, in the proofs of Lemma 4.10 and Lemma C.1.
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We consider the variational inequality
0 € H(z)+ Ny(z), (B.1)

where X C R? the compact and convex joint action set and H : R — R? is an L-Lipschitz
continuous and 7-strongly monotone map. Recalling (2.3), this inequality characterizes the Nash
equilibrium z* of the game (2.1):

x; = argmin L;(z;, 27 ;).
x; €X;
Suppose we use projected stochastic gradient descent to find x* and perform the following update
in each iteration:
a1t = projy (a® — nh'), (B.2)

where 7 is the gradient step size and h! is the estimator of H(z'). Mathematically, we make the
following assumption on the randomness of the estimator h;.

Assumption B.1. (Stochastic framework). Suppose that there exist a filtered probability space
(Q,P) with filtration F = {F;}4en such that Fy = {@,Q}. Suppose that k' is F;1-measurable
and there exist constants U,V > 0 and F;-measurable random variables my, oy > 0 such that the
following inequalities hold

(Bias) ||E¢h! — H(zY)|| < my + Uz’ — 2%,

B.3
Variance)  E||ht — E.hY|]? < 02 + V2|2t — z*|], (B:3)
¢

where E; = E[-|F;] denotes the conditional expectation with F;.

If Assumption B.1 holds, then the following one-step error bound holds for the projected stochas-

t

tic gradient descent when constant U = 0. In this case, x* converges to a neighborhood of z* and

radius of the neighborhood is depend on {m}sen,

Lemma B.2. (One-step error). Suppose U = 0 and n < 7/(4L?), then the iterates 2’ generated
by the projected stochastic gradient method satisfy the inequality

1 2 2v2 9 2 2 9 2
Etth+1 o :L’*||2 < L“xt . x*H2 + n oy nmy ) (B4)
1+4+n7 1+nr  7(14n7)
Proof. See Narang et al. (2022, Theorem 8) for a detailed proof. O

B.2 Basic of RKHS

In this section, we summarize the basic properties of RKHS. We refer readers to Cucker and Smale
(2002); Smale and Zhou (2007); Steinwart and Christmann (2008); Steinwart and Scovel (2012);
Fischer and Steinwart (2020) for the mathematical foundations of RKHS.

Let X be a compact subset of R? and let py be a probability measure on X. Let K : X x X — R
be a continuous Mercer kernel, namely, a continuous, symmetric, and positive semi-definite real
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function. The Mercer kernel K and measure py induce a unique RKHS H. Let ¢ : X — H be
the feature map of the kernel K, namely, ¢, = K(-,z) € H for all x € X. The most important
property of RKHS is the reproducing property: f(z) = (f, ¢.)x for all f € H and x € X. Define
the integral operator Ly : E% , — H by the following integral transform

:/ K(z,)f(t)dpx(t), Vf€H. Ve e X.
X

For any = € X, let ¢} : H — R be the dual of ¢,, which satisfies ¢%(f) = (f, ¢z) = f(z) for all
f € H and x € X. With this notation, we define the operator L, : H — H

Ly(f) = (03902)(f) = f(x)¢z, VfEH,VzEX.

This definition implies that L, is a compact, self-adjoint, and positive-semidefinite operator on H.
Using the reproducing property, the covariance operator L |y : H — H is the expectation of L,:

Lilnu() = Eonpx (-, KE>H K] = ]E:Bprd);(br-

Define the natural inclusion I,, : H — EZX,

Mercer kernel, any f € H is square-integrable). According to Steinwart and Christmann (2008);
Fischer and Steinwart (2020), the operator I, is well-defined, Hilbert-Schmidt, the Hilbert-Schmidt

norm is finite and satisfies
1/2
tpalias = [ ke.)ionta)) - <o,
X

Moreover, the adjoint operator of I, is the integral operator Lk, namely, I7, = Lk. Therefore,

mapping a function f € H to E%X (since K is a

the covariance operator Ly |y is compact, self-adjoint, and positive semi-definite:

Lily =Lkl,, =11

px-Px*

By Mercer’s theorem, the kernel K has the spectral decomposition K = Y 2, pie; ® e;, where ®
denotes the tensor product, {1;}5°, are eigenvalues and {el ©, are eigenfunctions of the operator
Lg. Here {e,} ©, is the orthogonal basis of E and {,uZ 61}?21 is the orthogonal basis of H,

namele = {Zz 1 a;€; : {a’l}ool S 62} H {Zz 1 a”buz € {ai}ioil € 62}
Followmg Steinwart and Scovel (2012, Theorem 2.11), Ly has the spectral representation

ZMZ ezv EQM@ 61 Z:ul ; eu M1/2€i- (B'5)

) 2
We further define the operator L% : L5, — L7 such that

o)

o . [e%

K — E ;i <€i7 '>£ 5 €iy
1 Px
1=

namely, L% (f) = Y72, aipfe; for all f =377 ae; € L2 . Tt is well-known that L%z L, M
is an isometric isomorphism between /Lz 5 and H.

31



B.3 Power Spaces

Given the Mercer kernel K and measure py, suppose that p;, e; are eigenvalues and eigenfunctions.
For any o > 0, define the a-power space: H® = {Efil ai,u?/Qei {ai}2, € 62}, equipped with

the a-power norm |-/, and inner product (-,-),, where > a; o/ Qei a = > a? 1/2 and

p b ’ ’ i=1 il i=1"
et ai,u?/Qe,;, Yoy biuf/26i>a = Y22, a;b;. We summarize the basic properties of power spaces
and refer readers to Fischer and Steinwart (2020) for a detailed review.

(i) H! =M, HO = L2

px?

andHO‘CHBCL’,%X for any o > 8 > 0.

(i) []-llx = lI-ll3 and [I-lo = [|-ll -

(iii) H* is an RKHS on X induced by the kernel K = "2 n%; ® e; and measure py if the
kernel K¢ is bounded, namely, the embedding property (Assumption 4.14) holds for «.

(iv) {pf}52, are eigenvalues and {e;}°, are eigenfunctions of the kernel K.
(v) {u?/ Qei}fil is an orthogonal basis of the power space H*.
(vi) Ho = L3 (c2,) = L& VP ().

Moreover, for any a € (0,1], the a-power space is characterized by the interpolation spaces
of the real method, namely, H* = [E%X,H]Q,Q (Triebel, 1995; Steinwart and Scovel, 2012). Given
this interpolation property, we present another example that satisfies Assumptions 4.13, 4.14, 4.15

following Fischer and Steinwart (2020).

Example B.3. (Besov RKHS). For d € N, let X C R? be a non-empty, open, connected, and
bounded set with a C'» boundary, equipped with the Lebesgue-Borel o-algebra and measure pu.
Let Lo(X) := Lo(u) denote the corresponding L? space. For m € N, denote the Sobolev space with
smoothness m by Wy,(X) := Wy, 2(X), and for r > 0 the Besov space Bj 5(X') is defined by means
of the real interpolation Bj 5(X) = [L2(X), Wi (X)];m/2, where m = min{k € N: k > r} Adams
and Fournier (2003). By the theory of interpolation space, the Besov spaces Bj o(X') are separable
Hilbert space and satisfy
B3y (X) = [£2(X), By (X)), /0

for all ¢ > r > 0. Define the Besov RKHS as
Hr(X) = {f € Co(X) : [fln € B32(X))}

equipped with the norm | fll3,x) = ||[flullsy,x), where [f], denotes the p-equivalent class of
f. Let each coordinate of the parametric function f; € B34(X) for some 0 < s < r, then the
interpolation property of a-power space

M (X) = [L2(X), Ho(X)]a2 = BSH(X) (B.6)

)

implies that Assumption 4.13 holds for 5 = s/r. Moreover, the Sobolev embedding theorem for
Besov Spaces indicates that the mapping of a u-equivalence class to its continuous representative
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is linear and continuous (Triebel, 2010), i.e. for r > j+d/2, By 5(X) is continuously embedded into
C;(X):
22(X) = Cj(&X) = L=(X), (B.7)

thus, Assumption 4.15 holds for j > 1. Combining (B.6) and (B.7), the embedding property
(Assumption 4.14) holds for all o € (d+2] 1], see Fischer and Steinwart (2020, Section 4) for more
details.

C Proofs of Main Theorems

C.1 Proof of Theorem 4.6

We use Lemma B.2 to derive the one-step error bound. It is sufficient to check that the estimator
for the gradient H(x) satisfies Assumption B.1. Recalling the gradient step (4.2), the gradient
estimator at iteration ¢ is

ht = (Vili(a', 2f) + (01 (2")/02:) 'V 2, 62" 20))iepn. (C.1)

Recalling (2.8), the true gradient is

H(a") = (ViLi(@"))iep) = (Et [Viﬁi(xt,zf) + (0fi(a) /o) T Vzi&(xt,zf)D . (C.2)

i€[n]

Let us prove that the gradient estimator h’ satisfies the Assumption B.1. To do this, we compute
the bias and variance terms, respectively.

Bias. Combining (C.1) and (C.2), we have

[Eoht — H ||2<2Z<\Et (0= ) @' DN+ 1B (04 (a")/0i = (") /02:) T Vaiti(a, 20)] I
(D (1)
+ 52 (0110 /0) V(8 - 800", D] )
(I11)
(C.3)

Recall (4.3), we obtain the bounds (I) S O(t™**2), (I1T) £ O(t ), and the bound for (II):
< S Iosta')/0m ~ 01a") o IS (e DI 5 OE),

where we use the fact that [|Es(V,£i(2", 2}))icp || < 6 (following Assumption 4.3). Plugging these
bounds into (C.3), we obtain
Bt — H(zh)|| < Ot ®72), (C.4)

Comparing (C.4) with (B.3), we have m; = O(t~*"2) and U = 0.
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Variance. Recalling (C.1), define A" := (Vli(z", 21));epn) and BY = ((0f}(a")/0xi) TV, (5", 21))iepn
then h! = A' + B!, We compute the variance of h'

Ei|[h' — Eeh'||* = By (A" — E¢AY) + (B" — E.BY) ||

(C.5)
<2 (B|A — B A" + BB~ E,B)

Now we derive the upper bounds for last the two terms of (C.5), respectively.

Upper bound of E;||A" — E;A!||2. By the definition of A’

E|A" — B A"|1? S Bl (Vi(ls — £) (5", 2))icpn I* + Bl (Vili (2!, 2}) — By Vils(2', 21) )iy I
+ (Wil — ) (2, 20) )iy I (C.6)
SO ) +¢* L 0(1),

where we use the fact Ey||(Vili (2!, 2¢) — By Vili(a', 28))iep I* < ¢2 (following Assumption 4.4).

Upper bound of E;|| B! — E,B!||?2. We similar decomposition, we have

Eil|B' — EeB'|* S O(™) + Ed|((0f] (") /0wi) T [Vaibilal, 2f) = EeVali(a’, 2D)])ieim I
S O(t*M) + sup |0 fi (2')/0il|FE| ([V =, i(a', ) = BV li(a, 20)]iera 17

i€[n]
Again, Assumption 4.4 implies that
Ee|[([Vailia', 2f) — BeVaili(at, 2))])iem I* < ¢

Therefore,
E|B' — EB'|> £ O(1), (C.7)

Combining (C.6) and (C.7), we have
Ei||h" — Eeh!|* S O(D). (C.8)

Comparing (C.8) with (B.3), we have 02 = O(1) and V = 0. Using Lemma B.2, we obtain the
one-step error

1

Et”xt—H — :U*H2 < 7”1.75 _ w*”Q + nt2 . 0(1) + - O(t_2(a1/\a2))
1 + mT (C 9)
1 .
5 7||l‘t _ -T*HQ + O(t—l—(1A2a1A2a2))‘
1 +77t7'

Using Lemma G.1, we have

EtHQS‘H—l - w*HQ < O(t—(l/\2a1/\2a2)).
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C.2 Proof of Theorem 4.9

Recalling Lemma 4.11. Taking expectation on both sides of (4.6), we have

(1 + E [supieql| A3 ])  200%E [supiep | AL - Ail3
_|_
1+ 7 T(1 4 1)

Ellz" =2 * < ——Ella’—a7|*+

)

T 14T
(C.10)

where 1 = 2/(7(t +t9)) denotes the gradient step size. Let us consider the two terms involving A!
in the RHS of (C.10), i.e. E [supie[n]HAt A; ||F} and E [supZe HAtHF}

Upper bound of E [supie[n] | AL — AZHH . Using Lemma 4.10, we have

leAt AillE

=1

M

S At A;
up ¢ — A} <A

i€[n]

<E (C.11)

where M = 2t5 30 | |AY — A;||%/(to + 1)% + 8nlao?(to + 2)% /(13 (to + 1)?) is a constant.
Upper bound of E [supie[n]HA;?H%] . Using (C.11), we have

< 2E |sup||Al — A;||% + sup || 4| F

i€[n] i€[n]

< 2M(t+to) " + Su[p]HAiH%)‘
i€n

Plugging (C.11) and (C.12) into (C.10), we obtain the upper bound for the RHS of (C.10), i.e
P 4 Anf (1 + 2(M/(t + to) + supien | Aill %)) L 28 M/(t +to)

sup || Aj[
i€[n]

(C.12)

Efla™! —a*|? < Ef’ -

T 1+myT

Define constants Dy and Do as follow

= 4C%(1 4 2(M/(t +to) + sup||4;]|%)), Dy = 26°M

1€[n]

1+77t7' T(1+77t7')

then we have

*HQ + Dlni,? + D277t/t

- 1—1—777 1+mm  14myT (C.13)

< (L= mer)E|2* —a*|* + Dinf + Dot ™

Since n; = 2/(7(t + to)), (C.13) implies that
2

Efla™! —a*|? < Efl2* -

4D 2Do(t 1
Blat — o2 < (1- 2 ) Elat - o 4 ot 4 2D2l0 )
t+to T2(t + to) 7(t + to)
2 4Dy /7% + 2Do(tg + 1
S I E||1’t_$*”2+ 1/T + 2(20+ )/T
t+t (t+ to)
t
2 AD: /7% + 2Dy (to + 1) /7 < 2 )
at | S Ui ol ——
[T (1 2 ) bt ot 3 S 200 T T (12

j=i+1
(C.14)
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Moreover, note that

¢ 2 : t it 1 s+t 2
[T (1) ce?Ximbtto™ < 2= i (et hde _ (220 (C.15)
J+to t+14+t

j=s

Plugging (C.15) into (C.14), we finish the proof

a2 to+1 N2 1 e = 4DY/TEH2Ds(to +1)/7 (i+ 1410\
Ellz < =) et =P )

t+ 141 — (i +tp)? t+14+1
< to+1 ? ||J)1 _ x*H2 + (4D1/T2 + 2D2(t0 + 1)/7_)(t0 + 2)2/(t0 + 1)2
= \t+1+1 t+ 1+t '

C.3 Proof of Theorem 4.19

We prove the following generalized version of Theorem 4.19.

Theorem 4.19" . Suppose that all the assumptions of Theorem 4.19 hold. For all iterations ¢
and positive constant a, define £ = t 4 ty, where tg is a constant satisfies tg > (ax? + 1)2. Set the
gradient steps and regularization terms as

1 1\ 53 1/1\ 7%
- -
N = —=, vV =a| = y At = —1| = N (016)
Tt t a \'t

where 7 takes values in [, 8) and v < 1. If a < \/(B—7+2)/(B—7)(to + 1)/(to + 2)x7 2471,
the o' generated by the OPGD algorithm in Section 3 for kernel function class (Algorithm 2) with

input kernel K satisfies

EthJrl . x*H2 S O(tiﬁé;l ) (017)
We use Lemmas 4.18 and C.1 to derive the convergence rate of z'. See Appendix E for the
proof of these claims.

Lemma C.1. (One-step error). Suppose that Assumptions 4.1, 4.2, 4.3, 4.4 hold and all the
assumptions in Lemma 4.18 hold. Let G = {Gy}ien be the filtration Gy = o{{a7} ;e U (ul, y!)} and
define E;[-] = E[|G;]. For any gradient steps n; < 7/(4L?), the iterates generated by Algorithm 2
satisfies

22 2 t)|2 252 ¢ 2
1 12t — 2P + AnpCH (1 + & supey LF1115) N 20§70 supep 1 ff — fill5

]E .’L’t+1 —.’E* 2 <
el I 1+ mr T(1 4 n7)

T 14T

)

(C.18)
where L is the Lipschitz constant of individual gradient H(x) defined in Section 2, ¢ is defined in
Assumption 4.3, and ( is defined in Assumption 4.4.

To begin with, using Lemma C.1 and taking expectation on both sides of (C.18), we have

L RO EE [supegIS12]) 2meP0%E [supiepyllfE — fill]
—E|z"—2"||°+ +

Bt —g*|[2 <
I "= 14+ mr 14+ mr T(1+me7)

I

(C.19)
where v € [a, 8) and 1, = 1/(7(t + to)) is the gradient step size. Let us consider the two terms
involving f! in the RHS of (C.19), namely, E [supie[n]Hff — fl||?y} and E [supiem Hff||%}
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Upper bound of E |sup;cp, | ff — fzﬂ,ﬂ Lemma 4.18 implies that for any v € [a, ) and i €

[n], if we set the parameters as (C.16), then the estimation error E||f! — f;|, is bounded by
O(t=F=0/(B=7+2)) je. there exist constants {M;(7) }iepn) such that

_ _B=y
EHfzt - fl”’y < Ml(’}/)t B—7+2

where the constant M;(+) only depends on ~. Define M(7y) := > | M;(7y), we have

E <E

sup [|.ff — fil3

i€[n]

>l - fz’||3] < M(V)t_%- (C.20)
i—1

Upper bound of E [supie[n] Hfng] . Using Lemma 4.18 again, we have

E <2E

sup|| f71[3
i€[n]

sup || ff — fill2 + SUPHfngy]
(a) __B= 2
< 2(M(v)t P42 + supl| fill5)-

i€[n]

where (a) uses (C.20).
Plugging (C.20) and (C.21) into (C.19), we obtain the upper bound for the RHS of (C.19), i.e.

B=vy
1 An2C2(1 + 262(M (7))t~ F—7+2 + sup; (12
Blatt _ ot < L pat _ g2 4 SO 2E0) Diegs1£i12))
14+ mr 14+ m7
B,
2mE202M ()t 2
T(1+ m7) .

Define constants Dy and Dy

Dy =41+ 28 (M (7) + sup | fill2)), Do =266 M(v)/7,

i€[n]
then we have
Dy Doyt 7502
E”ItJrl . CC*”2 < 17t 2"t
1+ mr 147 1+
B t w2 2 -z
< (1 —m7)E||x* — a™||* + Dinj + Damyt™ B=7+2.

E|z* — a:*H2 +

Note that n; = 1/(7(t + to)), therefore

B=~
D4 Dg(to + 1)5*’Y+2
T2(t + t0)? T(t—i—to)H%

1
EHJJH—I _:L,*HQ < 1— —— EHZ‘t —ZL'*||2 +
t 4+ to

Moreover, since f —y < 2, we have 2 > 14 (8 —v)/(8 — v+ 2). As a result,
Dl/T2 + Dy /7(to + 1)(5—7)/(5—74'2)

B7
(t + to) 512

* 1 *
E|z!t — 2¥? < (1 - ) Ella — 2*||* + (C.22)

t+ 1o
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Using Lemma G.1, comparing (C.22) with (G.1), we have a = 1+ -2=2 and b = Dy /72+ Dy /7 (to+

B—v+2
1)(B=1/(B=7+2) | Therefore, by Lemma G.1, we have
__B=_
Elle’ — 2| £ O(77577).

Note that v € [a, £), to get the best convergence rate, we set v = «a, then we obtain Theorem 4.19.

C.4 Proof of Proposition 4.5

Recalling Definition 2.3, we are going to prove that: (i) £;(z) are convex in x; when z_; are fixed
for all 7 € [n]; (ii) the gradient H(x) is a strongly monotone map with respect to z.

Convexity of L£;(z) in z;. Let us prove the following inequality, which is enough to show the
convexity:

<VZ£1($Z, :z:_i) — Vzﬁz(azi, x_i),a:i — CIZ;> > 0, VIL’Z‘,JZ; S Xi,x_i S X—i'

Recalling (2.6), we have
Vzﬁz(:cz,m_z) =P (:L'Z, ) + Qi(zi, x z>7 (0.23)

where

Pi(xi,x—;) = E Vili(xi,x—i,2;) and  Qi(zi,x—;) = Ci(xs, 2, 2)

2i~D;(Ti,x—;) A 2D (us,z;) wi=z;
Thus, the difference between individual gradients at (z;,z_;) and (2}, z_;) is
ViLi(wi,w—i) — Vili(}, ;) = Pi(wi, v—) — Pi(a}, 2-3) + Qi(wi, v—;) — Qi(af, x—;) .
@ (1)

(C.24)

e Analysis of (I).

Let us derive the lower bound of (P;(z;, x—;) — P;(x}, x_;), x;—x}). Under the parametric assumption
2.6, we have the following decomposition

Pz, x_;) — Py, x_;) = E Vili(xi, i, 2) — E Vili(z), x_i, 2;)
zi~Di(zi,x_;) zi~Dy (), x_3)
= E Vil (i, 24, fiwi, x_) + &) — E Vili(xh, xg, fi (2], ;) + €)
= E [v E ($Z7x—laf’b(ml7 ) +€2) vlgl(xgux—zvfl(x;ﬂr—’b) +62)] .
€;~P;

Thus, we can further decompose the above equation as

Pi(l'i,l'—i> - PZ(.%;,.’L'_z) = E [V il (xux—za fz(xu ) + 61) viei(mévx—u fz(mu ) + 51)

€i~P;

Vili(x}, x_q, fi(zi, w_) + &) — Vili(xh, g, filzi, 2-3) + €)].
(C.25)
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We analyze two rows in RHS of (C.25), respectively. Since the game (4.1) is S-strongly monotone
for y = (x;,x_;), then for the first row of (C.25), we have

B (Vili(zi, 2, fi(zi, x_5) + &) — Vili(zh,x_y, filws, x_3) + &), 2 — 2}) > S|z — z5)|?. (C.26)

€;~P;

Also, using the R;-Lipschitz continuity of V;¢;(x;, x_;, z;) with respect to z; and the L;-Lipschitz
continuity of f;(x;, x_;) with respect to (z;,z_;). For the second row of (C.25), we obtain

<vi€i($27x—27fl(m%7 ) +€’L) vzez(x;wx—z’fz(x;,x—z) +€i)7xi —.’E;>

, , o (C.27)
> —Ril| fi(wi, w—i) — filah, w_i)|l[|zs — 23]l > —LiRil|lws — x3|”.
Plugging (C.26) and (C.27) into (C.25), we have
(Pi(ws,x—i) = Pia, o), m — af) > (S — LiRy)||li — 2. (C.28)
e Analysis of (II).
Let us derive the lower bound of (Q;(x;, x—;) — Q;(z}, x_;), z; — x}). The same as (I), we propose
the following decomposition:
Qi(wi, o) — Qi(xh, x_;) = Ci(xi,x_i, 2) — d O, 2, 2)
7 1y —1 ) 3 dul ZiNDi(Ui7$_i) 7 1y =1y~ W= dUZ ZiN’Di(ui7m_i) 1 (SRt SRad2 wi=m;
d d
O _ O o
dui zi~D;(uix—;) 2(1'271' I’ZZ) U =T dUz zi~D;(ui,x—;) z(xml' Z’Zl) u;=x,
(C.29)
We analyze two rows in RHS of (C.29), respectively. For the first row of (C.29), we have
d d
Ci(Tis T4, 2i) - E (), w i, %) , Ty — T7)
dui ZiNDrL'(ui,I,i) Ui=T; duz Z,L'N’DZ'(UZ',QS,Z') Ui=T4
d (C.30)
= <dui ZiNDiI([::%Li) [ (i, w4, z) — Ui, 24, %) R )
Using the fundamental theorem of calculus, we have
1
Ci(mg, 2y 2) — Li(Th, 2y 25) = / (Vili(z}h + s(w; — 2h), 24, 25), 2 — 2})ds.
0
Plugging this into (C.30) and using Cauchy—Schwarz inequality, we obtain
d d
bimi i 2 _ 0z w2 R
o ZZND e (2, x4, 2i) B T (25, x4, 2i) v’ T %)
_Hdm D (i@ wiy 2) — g, wi, 24) i:xiHHxi — | (C.31)
LIS B Vil st el e s el
0 duz 2i~Dj(ui,x—;) U;=T;
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here (a) holds because the integral fol is exchangeable with the expectation and differential op-
erators and further induced by Jensen’s inequality. Now we consider the differentiable map u —
E.,~D,(uz_) Vili(z, 2i), it is easy to check that this map is L;R;-Lipschitz:

I E Vili(x, z) — E Vili(z,7)|| < LiRi|lu — /||, Va e X.
)

2i~Dj(u,x—;) zi~Di (v x4
Therefore, the gradient of this map is bounded by L;R;. Plugging this into (C.31), we have

d
du; 2;~Di (Ui, ;)

Ci(zi,wgy 2i) — i@, 2y 2
[4i( ) — li(z] )

, v — x4y > —LiRy||z; — o2 (C.32)

U =T

For the second row of (C.29), since the map u — E,, .p, (u,-_,)¢i(Z, 2;) is monotone (by the assump-
tion (ii) in Proposition 4.5), therefore,

d d
& .1‘/~, T—jy 24 — & iL';, T iy 24 , Ly — :L'; > 0. C.33
du; 2i~Dy(ui,x ;) ( ! ) U =T du; zi~Dji(us,x ;) ( ) U =] > N ( )
Plugging (C.32) and (C.33) into (C.29), we have
(Qilzi, i) — Qi(af, x—y), m; — af) > —LiRi||2; — || (C.34)

Combining (C.28) and (C.34), we obtain the convexity of £;(z) in z;:

<Vz£z(xz7x—z) — Vzﬁz(x;,x_z),xz — 1‘;) Z (S — 2L1R2)H$2 — .CI?;HQ Z 0.

Strong monotonicity of H(z). The steps of proofs for H(x) are exactly the same as the proof
of the individual gradient V;L;(x). Therefore, we omit the proof here. One can use the same steps
and technic the check that H(z) is S — 24/> " | (L;R;)?-strongly monotone, namely,

(H(z) - H(2),z -2y > [ S -2 Z(LiRi)2 l|z; — k|2
i=1

D Proofs of Auxiliary Lemmas for Theorem 4.9

D.1 Proof of Lemma 4.10

Recalling the online estimation step for A in Algorithm 1. For any i € [n],t € N,

AL = AT (A ) ()T (D.1)

i

where 14 is the step size, ul,y! are random variables obtained from the environment following the
distribution u! ~ px,y! ~ D;(ul). Note that (D.1) can be rewritten as the one-step decomposition

Al — A=A Ay (Af_l =) (uh)’

1

— (A7 — A)(I = vt ") — v (Agul — ) ()T
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Using this one-step error decomposition recursively, we obtain

Al Ay = (A0~ 4) [ ~ vyulu Z (A —y)))T [ (4 -wakul’). (D2)

J=1

We remark that H§:1( — V]uju]T) =(I- VlululT)(I V2u2u2T) .-+ (I — vulul"). Notably, for

T
ubb

any distinct a and b, the matrices I — 1/auaua—r and I — v are not commutative.

Now we use (D.2) to derive the upper bound of E||A! — A;||%. By Cauchy’s inequality, we have

t t

EJlA! — A3 < 2(E[(A0 — 4) T[T — vjuied HF+EHZVJ ad =) ()T T (= vl I3,
i=1 k=j+1

N~

Q) (11)
(D.3)
e Upper bound of (I).

By the definition of matrix operator norm, ||A(I — vjulu! )||p < ||Al|lp|(I — vju] ! ] )op, thus

t
T
E||(A? — H — vjul u H2 < EHHI — Vju; { ||gp||A7,Q — Ail% (D.4)
j=1 7j=1

For any i € [n] and j € N, given that uz are independent and identically distributed (i.i.d.)
random variables drawn from the distribution py, we can interchange the order of expectation and
multiplication

t t
ETTI —vyudu] 113, = TTEN — vjulu] |3, (D.5)
i=1 j=1
Therefore, it is sufficient to derive the upper bound for E||I — vjulu] ||op

.
I = vyulu] )zl

I — vjulul ||, = sup
TP e ][
2,2 2 I (D-6)
R 2 T 'l = 2w (o, ulud )
2€Rd 2
Moreover, the matrix inner product can be rewritten as
T T T T T
woudul @) = e udul ), fudul alE = (22Tl ).
Therefore, we can (D.6) has the following epxression
2., .2 N2, Ty do i 2T iT
[2)|* + vitr(Ellw; "z wju; z) — 2vtr(x ]Eu ul )
Bl — vyuud |2, = sup i | (D7)
2€R ]
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Recalling Assumption 4.8, we have
tr(Elluf|Pa T wlu] @) < Rxte(e Buful 0) < BbRJe|?, (e Eulul ) > bj]
Plugging these inequalities into (D.7) we obtain
E|I — vju] Hop 1 —v;(2L —vjlaR) <1 —v;(2L — laR)

(a)
< 11—l

(D.8)

where (a) uses the fact that v, = 2/(I1(t +t9)) and to > 23R /13. Now combining (D.4), (D.5), and
(D.8), we obtain the upper bound for (I):
t

t 4
(a) to
E||(A? — H — vl H 1=l ?|A) — A} < < ) 147 = 4llE, (D.9)

t+to

where (a) uses the inequality (C.15).
e Upper bound of (II).

Define 1/}5 = (Azuz - yzj )(uf )T, then (II) has the following form

t t t
. o +
B> vi(Aw] —y)) )" ] (I —weufu IIF—EIIZV]W 1 @ = veufuf )%
j=1 k=j+1 k=j+1
t t

—EZHVJW H — vgufu HF+2EZ vy [ (I - veufu BN, vl 11 T - vkufu E)p.

k=j+1 s<j k=s+1 k=j+1
(D.10)

Let F = {F;}ten be the filtration 7; = o{{27},c} and define E, = E[-|F{]. Since u] o px and
y] ~ D(u]), then for any i € [n] and j € N, the following equation holds

Ej] = E[]|F)] = El(And —y])(u])T1F}) =0, (D-11)
here we use the linear parametric assumption (Assumption 4.7) and the independency between uf
and the noise term € to obtain

El(An] — y!)(u]) T1F5] = El(Au! — (Agu] + €))(u)) T|F;] =

Equation (D.11) shows that for a fixed i € [n], {1/}5 }jen is a martingale difference sequence with
filtration F. Therefore, the second term in the last equation of (D.10) is zero, i.e.
t

EN (s [ (- v )vpwd T[ (- vl )

s<J k=s+1 k=j+1
t t
=E ZES (Vs H (I — vpubu )ijj H (I — vpubub kT N F
s<J k=s+1 k=j+1
t t
:EZ<VSES[7/)ﬂ H (I_Vku ) ij] H (I _Vkuk kT N F
s<J k=s+1 k=j+1
=0.
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Plugging this equation into (D.10), we have

t

EHZVJAu—yZ ul) H — vulu ||FfEZHwJH<—ukuku’“UHF

Jj=1 k=j J=1 k=j+1
t

Z H 11— vt 201713

J=1 k=j7+1

(D.12)

Moreover, Assumption 4.7 and Assumption 4.8 together imply that
) . - -
;4] 1% = Ejll(Aie] —y))(u)) " IE = Ejlle] () "I
112 112 2
=E;ll€ I"Ejlluil” < ol
Plugging this inequality into (D.12) and using (D.8), we have

t

t
S .
ElY - vi(Ai] —y)) )" [T (I —wfu W<0%§:VIIEW AT

Jj=1 k=j+1 j=1  k=j+1
t t
S O'QZQZV]Z H (1 —lll/k)2.
j=1  k=j+1
Using (C.15), we obtain the upper bound for (II)

t

t
B vi(An] —y)) )" ] (- weufu HF<0252ZV H (1 —lig)?
j=1

k=t k=j+1
: ! t 2 /. 9
2 j4+ 1+t
< : < '
=1 k=il S \u(+t)/) \t+1+to
4[202 to+ 2 2 _1
< t4t
T i <t0+1 (t+10)

(D.13)
Plugging (D.9) and (D.13) into (D.3), we finish the proof

4 2 2
to 4lyo to+2 _
E||AL — A;]]%2 <2 AV — A2 t+to) !

§2Qm+ndmanu+ 7\ (t+to)

D.2 Proof of Lemma 4.11

We use Lemma B.2 to derive the one-step error bound, it is sufficient to check that the estimator
for the gradient H(z) satisfies Assumption B.1. Recalling Algorithm 1, the gradient estimator at
iteration t is

At = (Vili (2t 20) + (AL) TV 4 (2 2 ))ien)- (D.14)
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Recalling (2.7), the true gradient is
H(z') = (Vili(2"))iepm) = (B [Viﬁz'(wt&f) + (Az‘z‘)TVzifz’(wtaZf)])ie[n]- (D.15)

We remark that {(z7,u],y!, 2/ )}Yicinl jepr—1] and (uf,y}) are deterministic with respect to the con-
ditional expectation E;[-] (recalling the definition in Lemma 4.11), therefore, this expectation is
equivalent to B+ p, (,r)[]-

Let us prove that the gradient estimator h! satisfies the Assumption B.1. To do this, we compute
the bias and variance terms, respectively.

e Bias.

Using (D.14) and (D.15), we have
[Edh! — H ()| = ZHEt (4l = 4) TV bt D) I
Since Al is deterministic with respect to the conditional expectation E[-], we obtain
ek’ — H(a")||* = ZII Aii) "BV i, )|
< ZIIAZ — AulBIEV (a2

Assumption 4.3 implies that [|[E¢(V,£i(2", 2}))icpn || < 6. Plugging in this inequality, we obtain

IEh — ()H<5sup||A AZZHF<6sup||At Aillp- (D.16)

i€ n i€ n
Comparing (D.16) with (B.3), we have m; = d sup;c(,[|4; — Aillr and U = 0.
e Variance.

Recalling (D.14), define A" = (Vili(a', 2}))ic[y) and B! = ((Agi)TVZiEi(act,zf))ie[n], then h! =
Al + Bt. We compute the variance of ht

Ee||ht — Eehl|? = By||(AY — e AY) + (B — E.BY)|)?

<2 (Ey|A" — EAY)? + Ey||B' — E.BY|?). (D.17)
Now we derive the upper bounds for last the two terms of (D.17), respectively.
Upper bound of E;||A" — E;A!||2. By the definition of A?,
Ee|| A — EcA'* = Eol[(Vili(2', 2]) — EeVili(2', 2]))iep 1.
Assumption 4.4 implies that
E| At — E.AY? < 2 (D.18)
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Upper bound of E;||B? — E;B!||?2. By the definition of B!, we have
E||B" — EB'||* = Bl ((A}) T [Vali(a', 2}) — BeVali(2', 2)])iepm |
< sup | AG I FEN [V lila!, 2) = EeVa lia!, 20)])iein 1.

i€[n]

Again, Assumption 4.4 implies that
Ee[[([Vaili(z', 2) = BeVaili(a!, 20)]iem I* < ¢

Therefore,
Eq|| B — EB||” < ¢* sup | 4|3, (D.19)

i€[n]

Combining (D.18) and (D.19), we have
Eil|h" — Eeh!|[* < 2¢3(1 + sup | Af[[7). (D.20)

i€[n]

Comparing (D.20) with (B.3), we have o7 = 2¢%(1 + supie[n]HAgH%) and V = 0.

Now we have proved that the stochastic gradient estimator h’ satisfies the stochastic framework
(Assumption B.1) with U =V = 0, my = §sup;e||Af — A, and of = 2¢%(1 4 sup;epq || A4 F).
Using Lemma B.2, we obtain the one-step error

g2 An7 ¢ (1 4 supjepy || A7) N 2170% sup; || AF — Asll3

1
t” H H 1+7]t7' T(1+77t7')

B 1+77t7'

. (D.21)

E Proofs of Auxiliary Lemmas for Theorem 4.19

E.1 Proof of Lemma 4.18

Roadmap To prove Lemma 4.18, we begin with the symmetric of estimation updates, we show
that these updates are independent between agents and have the same structure, thus, it is suffi-
cient to study the iteration of any single agent. Then we propose the basic decomposition of the
estimation error (Lemma FE.2), which decomposes the error into three terms. Lemma E.4, Lemma
E.6, and Lemma E.11 provide upper bounds for the three terms in Lemma FE.2 and together finish
the proof.

Symmetric of the estimation update. Recalling the estimation update in Algorithm 2
fE= 1 = [ ) = ) 6+ 7 (E.1)

We show that for any i,j € [n], i # j, and any iteration ¢, the stochastic estimators f, f; are
independent and have the same iteration structure.

t
%

e Independency. Note that for any iteration ¢t and i € [n], we have u i px and y! =

fi(ul) + €&, where the noise terms € are independent of u! for any i and ¢ (Assumption
2.6). Thus, for any i # j, (ul,y!) and (uz,yj) are independent. Moreover, recalling (E.1), f}
is random variables determined by (u},y}), (u?,4?), -, (uf,yt). As a result, the stochastic

estimators for different agents are independent, i.e. for any i # j, f! and f]t are independent.
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Semi-stochastic
Decomposition

Figure 4: Proof sketch

e Symmetric. For any i € [n] and iteration ¢, f{ is a linear combination of {¢, }repy, thus,
f! € H. Using the reproducing property of H, ff_l(uf) = <fl.t_1, ¢ut)n- Also, recalling that
yt = fi(ul) + €!. The iteration (E.1) can be rewritten as

f= (I = vi(Lyy + MDY+ v fi(ul) + €) e, (E.2)

where L,: = ¢ ¢, : H — H is a compact, self-adjoint and positive-semidefinite operator.

Moreover, since u! i px follow the same distribution for any i € [n], the induced operators
L, and ¢, also follow the same distribution for all agents. Consequently, all the f! have the

same iteration structure

fo =TI —vi(Li + M) fr—1 + V1Yt Du, s

where u; ~ px, Ly is the operator induced by uy, and y; ~ D;(uy) is the observed data. (Note
that the distribution of y; is different for different agents.)

Simplified notation As previously stated, it is enough to analyze the iteration of a single agent.
In the rest of this section, we study the iteration of agent 1 and define the following simplified
notation. We drop the lower index i of terms in (E.2) and define

f:: flv ft = ff7 Ut = utla Yt = yi? (;St = ¢u’ia

where f denotes the true function fi, and f; denotes the estimated parametric function ff. More-
over, we drop the lower index 7 of sample spaces Z; and decision-dependent distribution maps D;,
define

Z=2, D=D,
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note that X = & x --- x &}, still denotes the joint action set of n agents.
With the new notation, the gradient step (E.2) would be

Jt = —ve(Lg + M) feo1 + vieyebe, (E.3)

where L; = ¢;¢: : H — H is a compact, self-adjoint and positive-semidefinite operator.

Technical contributions We consider the semi-stochastic population iteration g¢; (E.4) and
decompose f; — f into three terms fy, — f, fr, — gt, and f; — ¢: (Lemma E.2). While the analysis for
fr, — f (Lemma E.4) uses standard spectral decomposition techniques, the proofs for fy, — ¢g; and
fi—g+ (Lemma E.6 and Lemma E.11) are novel. The proofs are based on important observations that
Rl = HL(I%_W)/QhHH for any h € H" and L%_w/z is commutative with the operator I —vy(Lx+M1).
For instance, in (F.17), the commutativity between L%MY)/Q and IT¢ = H;Zi(l—uj(LK—F/\jI)) allow
us to leverage the commutativity to decouple the power norm by the operator’s RKHS spectral
norm ||IT%||3—% and the RKHS norm ||L%77)/2(f,\i — fa,_) |l This method is involved in the
proofs for Lemmas E.6, E.7, E.8, E.9, E.11 and plays a central role in our analysis.

Another contribution is the recursion decomposition for f; — g; (E.14), where we decompose
ft — g+ by a sequence of sampling noise iteration r§k) and derive the power norm bound H?"t(k)H7
(Lemma F.1). Although an analogous idea was proposed in non-strongly-convex SGD (Bach and
Moulines, 2013), the analysis is essentially difference (because we study this decomposition under
the power norm) and we find that the sampling error f; — ¢ can be decomposed as a finite sum
of the noise process (Lemma F.2), instead of the infinite sum in Bach and Moulines (2013). This
might potentially extend the method to a broader class of problems, particularly in situations where
||rt(k)||,y, is not constrained by geometrization sequences.

Basic decomposition Now let us derive the upper bound for E|| f; — f H% We begin with the
basic decomposition (Lemma E.2), which decomposes E| f; — f H,Qy into three terms. First, define
the semi-stochastic population g,

go = fo, 9= —vi(Lr + MI))gi—1 + veyedx, (E.4)

where Ly : L'?,X — H is the integral operator and its limitation on H is the covariance operator,
ie. Lily = EpepypLz = Epprdhdz. Moreover, Li|y is a compact, self-adjoint, and positive-
semidefinite operator on H.

Remark E.1. Compare (E.3) with (E.4), the semi-stochastic iteration g; replaces the stochastic
operator L; with its expectation Ly, and remains the second stochastic term ¢y, thus, g; can
be viewed as a population iteration of f; with half-randomness. We show that the deterministic
operator L has good properties under v-norm and plays a key role in the following proof.

Lemma E.2. (Basic decomposition). For any iteration ¢,

ElLfe = FIDY? < UF = Sailly + ENSr = gl + Ellge — fell3)'72, (E.5)
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where fy, = (L + MI) "' L f is the solution of the kernel ridge regression

argmin [ (g~ h(w)Pdp-+ X%
heH XXZ

Here, the random variable (u,y) € X x Z follows the distribution p, where p is induced by u ~ px
and y ~ D(u).

Proof. By Minkowski’s inequality,

Ellfe = FIDY? = EIf = Fr + Fre — g0+ 90— feDV?
<F = Fally + Bl = gel2)Y + (Ellge — 212"

Remark E.3. We explain the three terms in Lemma E.2.

e The first term || f — f)\t||3/ is deterministic and independent from the gradient step (E.3), it
only related to the property of Hilbert space H and kernel K, and the choice of regularization
terms A\;. If the source condition (Assumption 4.13) holds with 5 > ~, we will prove that
| f— fx, ||3Y converges to zero if \; goes to zero gradually.

e The second term E|f\, — gtH% describes the gap between the semi-stochastic population
iteration and the regularization path f),. As aforementioned in Section 4.2, we should choose
gradient step sizes {14 }ren and regularization sequence {A; }ten properly to control this error.
The convergence of E| fy, — g¢|? is guaranteed by the source condition (Assumption 4.13) and
the embedding property (Assumption 4.14).

e The third term E||g; — ftH?y shows the difference between the population iteration g; and true
iteration f;. Recalling (E.3) and (E.4), this error mainly comes from the difference between
the stochastic operator L; and its expectation Lk, we show that E|g; — ft||% goes to zero
if the expectation of the spectral norm E|L; — Lg||l3—%~ is small. The convergence of
Ellg: — ft||3 is guaranteed by the source condition (Assumption 4.13) and the embedding
property (Assumption 4.14).

We set the gradient step size and regularization sequence in the following forms
1
v=alt+t) 0 A= —(t+ to)~ 19, (E.6)

where a and ty are positive constants, and 6 is a constant to be determined. We derive the
convergence rate for E|f; — f||% with respect to # € (1/2,1], and choose 6 to match the best
convergence rate.

In the rest of this section, we are going to derive the upper bounds for three terms in Lemma
E.2
Lemma E.4 Ilf— f/\t”% <0 <t—(1—9)(ﬁ—7)) ’

Lemma E.6  E[|fy, —g)? <O (t—((l—G)(B—V)A(%—l))) ’

Lemma E.11 Ellg; — ft”%/ <0 (t‘(29—1)) ‘
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First term of Lemma E.2 Let us derive the upper bound for ||f — fy, H?Y

Lemma E.4. Suppose that the source condition (Assumption 4.13) holds with some g € (0, 2].
For any v € (0,1] and 8 > v, let Ay = a~' - (t + to)~ =%, where a,ty > 0 are constants. The
following bound holds for all t € N:

If = fal2 s 0 (000, (E.7)

Proof. We make use of the following lemma.

Lemma E.5. Suppose that the assumptions of Lemma E.4 hold, the following bound holds for all

A>0: 5 o p
— (2 — —pPTY

If = £all2 < 1 (E.8)
where f\ = (Lg + M)~ L f.
Proof. See Appendix F.1 for the proof of this claim. O
Using Lemma E.5, for any ¢t € N, let A = \; = 1/(a(t + to)' %), we have
B =72 =B +~)2 Pty B
15— ol < Cm OB
— B (2 = B4 )2 B
_ (B=7) iaﬁ_f 7) |’f”%(t+t0)—(1—0)(5—7)
<0 (t—(l—G)(B—v)) .
O

Second term of Lemma E.2 Now we are going to bound the second term in Lemma E.2, i.e.
E|l fa, — gt||3. Using the martingale decomposition for g, — f), (see Appendix F.6 and Lemma F.1
for explanations):

t

t
gt — P =T05(g0 = o)+ > vl 1 (i — Licf) — ;Hﬁm — i)

0 i—1 (E.9)

(11) (I11)
where Hg = i:i(l —vp(Lix + Agl)) is an operator on H. We derive the y-norm bound for (I),
(IT), (III), respectively. We propose the intuitive explanation for the three terms in (E.9):

(I) is the initial error caused by the deviation of initialization go — f,-

(IT) is the sampling error induced by the randomness of sampling, i.e. the difference between the
random variable y;¢; and its expectation Ly f.

(III) is the drift error caused by the changing of the regularization term A;. Lemma E.9 shows
that fy, — fx,_, is mostly determined by the gap between A\;—1 and ¢, i.e. Ay — Ai—1.
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Note that (I) and (III) are non-random and independent from the gradient step (E.4), they
are determined by the gradient step size {14}ien and the regularization sequence {A}en, (II) is
stochastic and determined by the sampling data (u1,y1), (u2,y2), -, (ut, yt)-

Lemma E.6. Suppose that the assumptions of Lemma E.4 hold, let v, = a(t + to)*e and A\, =
1/(a(t+to)'~?), where a,to > 0 are constants and ¢y > (ax?+1)2. Suppose the embedding property
(Assumption 4.14) holds for some « € (0,7]. For any 6 € (1/2,1] and any iteration ¢, the inequality
holds

Ellge — full3 S O (7 (0-0@=0n@0-10)) (E.10)

Proof. The following lemmas provide the upper bound for (I), (IT), and (III) defined in (E.9),
respectively.

Lemma E.7. (Upper bound for (I)). Suppose that the assumptions of Lemma E.6 hold. For any
0 € (1/2,1] and any iteration ¢, the following inequality holds

T (g0 = fro)l3 S OE2). (E.11)
Proof. See Appendix F.2 for the proof of this claim. ]

Lemma E.8. (Upper bound for (II)). Suppose that the assumptions of Lemma E.6 hold. For any
6 € (1/2,1] and any iteration ¢, the inequality holds

t
B> vl (yigi — L P2 S Ot ). (E.12)

i=1
Proof. See Appendix F.3 for the proof of this claim. O

Lemma E.9. (Upper bound for (III)). Suppose that the assumptions of Lemma E.6 hold. For any
0 € (1/2,1] and any iteration ¢, the inequality holds

t
DT = Fraon)IE S 0@ E00=), (E.13)

Proof. See Appendix F .4 for the proof of this claim. O

Given the martingale decomposition (E.9), Lemma E.7, Lemma E.8, and Lemma E.9 together
yield the upper bound for E||g; — f», ||3 Using equation (E.9) and Minkowski’s inequality, we obtain

(Ellge — I3 < (15 (g0 — fro) I3)12 + EHZ% (vt — L I + HZHt P = B2

=1

Plugging in Lemma E.7, Lemma E.8, and Lemma E.9, we have

(Ellgs — [ 2 SO + 0@ 2072) 4 o= (=072
<0 <t—((1—9)(ﬁ—v)/\(29—1))/2) ,

ie. Elg: — f)\tHE/ < (’)( ((1*9)(577)/\(2971))). -
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Third term of Lemma E.2 Now we are going to analyze the third term in the basic decompo-
sition (E.5), i.e. E||f; — gt||?y. This error describes the deviation between the true iteration f; and
the semi-stochastic population iteration g;. We decompose f; — g; by a sequence of semi-stochastic
noise process {rlgk)}keNO (Ng denotes NU0). Lemma F.2 shows that, for a fixed iteration ¢, f; — g
is a finite sum of the noise process. Thus, E||f; — gtH% is bounded by the upper bounds of the
sequence {E||r§k) Hg}keNo‘ As a result, to derive the convergence rate of E|| f; — gtH?Y7 it is sufficient
to derive upper bounds for th y-norm of the noise process {rgk) FeeN, -
Let us define the noise process {rt(k)}keNO. For any ¢t € N, define

7«(()0) =0, Tgo) = —w(Lg+ Atf))ng)l + v (Lrx — Lt)gi—1,
i =0, = (1 - w(Lic+ MDD, + Lk - Lor,

r? =0, 1 = (= wlLi+ MDAy 4w — Lor,,

(E.14)

i =0, " = (I —w(Lx + €MD)+ (Lx — LY,

Intuitive explanation We briefly illustrate the noise process. (Appendix F.6 provides a detailed
explanation and visualizes the values of this noise process sequence.) The aim is to derive the
upper bound for E|| f; — gt||3/, to do this, the noise process rt(k) decomposes f; — g; with a finite sum.
Recalling (E.3) and (E.4), we have

Jo—90=0, fi—gi= U —ve(Le+ MI))(ft-1 — gt—1) + ve(Li — Lt)gs—1. (E.15)

This iteration of f; — g¢ involves the stochastic operator L;, which is hard to handle. Therefore, we
replace L; with its expectation Lx and consider the iteration

r(()o) =0, rt(o) = —w(Lg+ AtI))rt@l + (L — Lt)gi—1-
Then Tgo) is the semi-stochastic population iteration of f; — ¢+, and we can decompose f; — g: as
fo—9c=(ft — 9t — T,EO)) + TEO).
Note that first term f; — g¢ — TIEO) has the same recursion structure as (E.15)
fo=go=18" =0, fi—gi—n" = (I = (L + MD)(fr1 = g1 = 1i2) + vi(Lic — Ler?).

Again, we consider the semi-stochastic population iteration for fo — go — r(()o) and define rgl). We
obtain the error decomposition for f; — g; as follows

fimge=(fr—ge— ¥ =)+ 4l

Moreover, we can repeat this procedure and yield the sequence {r,gk)}keNo, the corresponding error

decomposition would be
k

k
fe—gt = (ft—gt—Zrt(])H ),
=0 =0
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Remark E.10. The noise process {Tt(k)}k:eNo plays a key role in the following proof, Lemma F.2
shows that f; — ¢g; can be decomposed as a finite sum of the noise process, i.e.

(t—1)V0

Z rl

Using Minkowski’s inequality, (E|| f;— g:||?)*/? < Z EH?‘ H%)l/z. Therefore, to derive the upper
bound for E|| f; — g2, it is sufficient to derive the y-norm bound for rik) (Lemma E.12).

Lemma E.11. Suppose that the assumptions of Lemma E.6 hold. If /260 —1(t9 + 2)/(to +
1)ak®~7YA < 1, for all iteration ¢, the inequality holds

Ellfi — g2 S O %) (E.16)

Proof. WLOG, suppose t is sufficient large (¢t > L% 71). Using Lemma F.2, f; — g; is a finite sum
of the noise process

t—1
-3
k=0

Using Minkowski’s inequality, we have

(Il fe — ge2)"/? < ZEHr 2)2 (E.17)
k=0

We make use of the following lemma, which provides the upper bounds for EHrt(k) 2.
Lemma E.12. Suppose that the assumptions of Lemma E.6 hold. For any iteration ¢, the inequal-

ity holds
2

20 — 1
Cp(t+1)72, k> LQ

Ck(t—l— 1)(14:-&-1)(1—20), k< L

Ip

k
E|ri?)2 < (E.18)

where (', is a constant:

(k+1) k
2M (t°+2¢m2—m> [[e+ G+ —20)7", k<| 2

to+1 Py 20 — 1
Ch = 2(k+1) 357
to+2 o k—| 52— | - . 1 2
M| —— TA 20 — 1 20-1 2 1)(1 — 26 k>]|———].
(iegestra) -t I jes Gana -2 k2 Ly
(E.19)
Proof. See Appendix F.5 for the proof of this claim. O

Remark E.13. (Intuitive explanation of Cy).
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o If we fix the iteration ¢ and increase k. Lemma E.12 shows that

2
20 -1

2
ot — (to + 2a,€zm> @+ (k+1)1-20)"Ch k< ).

to+1
2
20—1J’

Cit1=| —— TA) (20 -1)Ck, k>
k+1 <t0+1a/f > ( )Cl > |
which implies that when k is sufficient large, C} is roughly a geometric sequence with ratio
((to + 2)(to + 1)ar®>~7A)%(20 — 1). Moreover, if this ratio is smaller than 1, the sum of the
geometric sequence is always finite.

e If we fix k and increase the iteration {. Lemma E.12 shows that when k < [5%7], the

convergence rate of EHT‘ISMH% is O(t*+DA=20)) " Then if k increases (and k < |52<]), the
convergence rate (k+1)(1—26) increases linearly with k. When k > | 52+ |, the convergence
is fixed as O(t~2) and unrelated with k. This indicates that the convergence rate for the

{IEHrt(k)H%}keNO is saturated at O(t2) when k > [ 527].

Plugging Lemma E.12 into (E.17), we obtain

t—1 L292—1J_1 t—1
w0 h=0 k=lagt) (E.20)

< <ZC;/2> (t+1 +t0)(1—29)/2‘
k=0
where (a) uses the fact that (t + 1 + o) *+D(=20) < (¢ 4 1 +¢5)72)/2 when k < |5%7]. Given

(E.19), the last step of the proof is showing that 22;10 C,i/ % s uniformly bounded. Recalling the
definition of constants C} , we have

ls2g]-1

t—1 12 to + 2 2(k+1) k
Yot = > \QM (toﬂaﬁ?—m) [[e+G+1)0—20))
k=0

=0

L3

t—1 to + 2 2(k+1) |2
+ ) \ 2M < m?m) (20 — 1) bt T @+ (i +1)(1 - 26))

to+1 ;
k:LTaIJ =0

L35

t—1 k+1
< J2m@o -7l T 1+ G -20)-1Y (’Wcm?m\/w - 1) .
i=0 o o+ 1

=F
(E.21)

Note that (tg + 2)/(to + 1)ak?> 7Av/20 —1 < 1. Then the summation of geometric sequence
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Z',;—:lo ((to +2)/(to + 1)ar* 7 Av260 — 1) s uniformly bounded. We obtain

ti e B e 7 AVII = T)(1 — (fan® 1 4V20 1))
ko 012 o
=0 Lot AV20 — 1 (B.22)

- ERtar?1Av20 -1
11— %aﬁQ*VA\/%i—l

Combining (E.17), (E.20), and (E.22), we have

Eigif ar? 7AV20 — 1
1— ;g{fa#—m\/zeﬁ

2
EHft - gt||'2y S ( ) (t + 1 + t0)1—29 S O(t1_26),

O]

Putting Lemma E.4, Lemma E.6, and Lemma E.11 together, we finish the proof for Lemma
4.18. Recalling the basic decomposition (Lemma E.2),

ENfe = LI < f = Failly + Bl = 96l + Ellge = £l13)1/.

Lemma E.4, Lemma E.6, and Lemma E.11 provide the upper bounds for the three terms in this
inequality, respectively. Therefore, we obtain

Elf - fIDV? <0 (t—(l—é’)(ﬂ—v—?)/?) ! (t—((1—9)(5—7)/\(29—1))/2> + O(t1-20/2)

E.23
-0 (t—«l—e)(a—m(ze—nm) ' (£.23)

To get the best convergence rate, let (1 —0)(f—v) =20 —1,ie.set 0 = (8—~v+1)/(8—~+ 2).
Plugging this value into (E.23), we have

__B=y
Ellf - fIZ SO (17 72).

E.2 Proof of Lemma C.1

Similar to the proof of Lemma 4.11, we use Lemma B.2 to derive the one-step error bound and it
is sufficient to check that the estimator for the gradient H(z) satisfies Assumption B.1. Recalling
Algorithm 2, the gradient estimator at iteration ¢ is

h' = (Vili(a', ) + (f}, 0i Kot )1V 2, li(2", 20))icpn)- (E.24)
Recalling (2.7), the true gradient is
H(xt) = (vlﬁl(xt))ze[n] = (Et [Vlgl(xta Zf) + 81fl($t)vzz€l(xt7 Zzt)] )iE[n}? (E'25)

We remark that { (27, ug, yf ; ZZJ )Yiem),jefi—1] and (uf,yf) are deterministic with respect to the con-
ditional expectation E.[-] (recalling the definition in Lemma C.1), therefore, this expectation is
equivalent to E.t p, zt)[]-
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The source condition (Assumption 4.13) implies that for any i € [n], f; € (H”)”. Therefore,
for any v < 3, using the fact that H® C H?, we have f; € (H?)P. Moreover, let K7 be the kernel
associated with the RKHS #H", the reproducing property of H? implies that fi(z") = (fi, K ;).
Thus, 0;f;(x") = (f;, &K;H = (fi, (91-(;5;)7 and we can rewrite the true gradient (E.25) as follow

H(z") = (B¢ [Vili(2", 20) + (fi, 0i0%)7 V= li(a®, 20) ] ien)- (E.26)

Besides, since f! € (H)” and v < 1, we have ff € (H7)P and (f, 0iKyt)n = 0, fi(z") = (ff, 0] K t) =
(f,0:¢]:). Rewrite the gradient estimator (E.24)

Wt = (Vils(a', 28) + (], 0:0)0) 7V 2 li (5", 20) igin)- (E.27)

Now let us check that the gradient estimator h' satisfies the Assumption B.1. We compute the
bias term and variance term, respectively.

e Bias.

Using (E.26) and (E.27), we have
ekt — H (2")II* = |(Ee [((f, 0:0)0)y = (fis 0:03)1) Vaili(at, 20)] iepn I

=S IE [(ff = £, 0:00), V= lilat, 2D)] 1%

=1
Note that f} is deterministic with the filtration G;, then
IEt [(fzt - f’ia 8i¢1t>'yvzigi(l’t7 Z}:)] = <th - fi7 ai¢lt>7Etvzi‘€i(l‘ta Zf)

Plugging in this equation, we obtain

[Eeh? — H(2[? =Y I = fir 001 ), BV li(ah, )|
=1

< Y M= fill310i0 7 3 IE Y 2 it 2) )1
i=1

Assumption 4.15 implies that HE)ZQZ);H?Y are uniformly bounded by ¢2, therefore

i€[n

Bk — H(2")|* < € Sup}llff = fill} DBV (et 21
=1

2
(a)
< <€ sup|| f{ — fiHvHEt(inei(xtaZf))ieh]”) 7

1€[n]
where (a) uses that 7" [|[EV. 4z, 20)[|? = |E(V., Li(2", 2]))iepn|*. Moreover, Assumption 4.3
implies that [|[Es(V,0i(x", 2}))iep |l < 6. Plugging in this inequality, we obtain

B’ — H (") < &6 supl|f; — fill;- (E.28)

i€[n]

Comparing (E.28) with (B.3), we have m; = & sup;ep, || ff — filly and U = 0.
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e Variance.

Recalling (E.27), let A" = (Vili(2', 2}))iepn) and B' = ((ff,0i¢1)1 Vi li(2, 2}))icpn), then hF =
At + Bt. We compute the variance of h'

Ey||ht — Eehl|? = By||(A? — B AY) + (B — E.BY)|)?

<2 (EtHAt _ EtAtHQ i EtHBt _ EtBtHz) . (E.29)
Now we derive the upper bounds for last the two terms of (E.29), respectively.
Upper bound of E;||A" — E;A!||2. By the definition of A’
Ef| A" — B AY? = Byl |(Vili (2!, 2) — EeVili(2', 20))iepn -
Then Assumption 4.4 implies that
E | At — EAY? < 2 (E.30)
Upper bound of E,;||B* — E;B!||?2. By the definition of B!, we have
E|| B — By B> = Bal|((f, 0:0)u ) [Veili(a, 2f) — BoV o li(2', 20)])iepm I
< 15N L BB ([V 2 lia!, 20) — EeV i, 20)])iepn .
Again, Assumption 4.4 implies that
Eol|([Vali(2', 2f) — BV, li(ah, )] )iepm 1 < ¢
Moreover, Assumption 4.15 implies that [|0;¢7,[|2 < £2. Therefore, we obtain
E/||B" — E.B*||* < €¢% sup | f713- (E.31)
i€n]
Plugging (E.30) and (E.31) into (E.29), we have
Ee|[h* — Eehf||* < 2¢3(1 + € S&P}Hfflli)- (E.32)
i€ln

Comparing this inequality with (B.3), we have o? = 2¢2(1 + £2 SUP;c[n] [f{]12) and V = 0.

Now we have proved that the stochastic gradient estimator h! satisfies the stochastic framework
(Assumption B.1) with U =V = 0, m; = £5 sup;eqy || ff — fill,, and 0?2 = 2¢%(1+ &2 supie[n]HffH%).
Using Lemma B.2, we obtain the one-step error

|2+ AN (1 + € sup;e 17112 N 20:E20% sup;e |1 — fiH?
L+mr 7(1 +me7)

1
Et”a,’tJrl . x*HQ < th .
1+t

(E.33)
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F Omitted Proofs in Lemma 4.18

F.1 Proof of Lemma E.5

To begin with, we derive the spectral representation of f, f), and use these representations to
derive the upper bound for ||f — f,\H%.

e Spectral representation of f.

Let {,u,f / Qei}ieN be an orthogonal basis of 7?, the source condition implies that f € HZ. Therefore,
we assume that

F=>a e {a}2, e 2. (F.1)
=1

e Spectral representation of L.

Using the spectral representation of the integral operator (B.5), we have

LK - Zﬂl el? E 2 lul el Z/’L’L ; 617 'Hluz/ (2]
i=1

o

(L +AD T = (i + 0 Pei, Yyl e,
=1

(F.2)

where |||, is the norm on L’f, , induced by the measure py. Note that { ,u,g/ Qei}ieN is an orthogonal
basis of H and {e; };en is an orthogonal basis of E%X, thus, (e;, ej>Lf27X = <,uil/262,,u;/2 i) = 0ij.
e Spectral representation of f).

Recalling that f) = (Lg + M) 'L f. Using (F.1) and the first equation in (F.2), we have

Lgf= Zu (i, f ,U;/Qei
= Zuil/2<ei7zajuﬁ/ e 0%, :U'z/
= (F.3)

(a) 1/2 1/2
Z,U / euazﬂl >£ 0% ,Uz/

0 S 2,

i=1
where (a) uses the fact that (e;,e;) 2, = d;j. Now plugging in the spectral representation of
(Lx + M)~! (i.e. the second equation of (F.2)), we have

fa=Lr+ M) L f = (L + M)~ Z aipg PP e
1=1

oo

(1+ 2 1/2 1/2

= 2+ P 3 et e
=1 7=1
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Using the fact that <,u;/26“ ,u11/2 i) = 0;j, we obtain the spectral decomposition for fy

o
1/2 148)/2 1/2 1/2
Z i+ X) (e eiaai,uz(' A Mi/ €i>7{#i/ €;

Z pi+ N Lapd R e (F.4)
=1
- f: Mz(’1+6)/2 ait%e
= pitA Gitly i

Combining (F.1) and (F.4), we obtain

0 (1+8)/2 0
~Hh=> B2 _ “171/2 o= M 6/2,
f =7 (Nz ipY oy > a;€; : <1 1+ )\) Qift; "~ €

i=1 1=1 (F5)

_Zuﬂr}\ il

Therefore, the v-norm has the following expression

oo
2 A - 2
£ - fAIIQ—HZ el = I e el
i=1""

00 2
@) (B=)/2
5 (ot ).

where (a) uses the fact that {uz/ 2ei}ieN is an orthogonal basis of the y-pwoer space H? (which

7/ €, /LZ/ Qe]>7 = 0;;). Given the equation above, we obtain the following bound

further indicates (u
>\ A (B2 ’ 2 N(Bﬂ)m = 2
1f =I5 = ; <M+/\Mi a7;> < A”sup i+ A izai

€N _
) =1 (F.6)
, el
=\ Lo
up | = I1£1I3-

We compute the last equation of (F.6), define function h(z) = z°~7/(x 4+ \)?, for all z € R, we
have

PP — ) £ A) — 20)
(x+ )3 '
Therefore, h(z) takes the maximum at x = (8 —v)A/(2 — 5 + 7). Plugging in this maximum, we

h'(z) =

obtain
(B—)/2

2
2 2 2
FRSY ) I £1I5 Sup ()| f15

_ B (9 _ 2—B+y
(B—=) (246"‘7) ||f||%’)‘5_7'

Xz
If = fall2 < A*sup <
zeR

<
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F.2 Proof of Lemma E.7

The aim is to derive the upper bound for [[IT{(go — fx,)||?. Recalling the definition of iteration g

(E.4), we have gg = fo, therefore

T3 (90 = fro) 15 = IS (fo = £, I13-

Using Lemma G.2, we have

IS (fo — fro) 2 = 125 2T (fo — fao) 12 (F.7)

Note that the operator IT{ = [['_, (I — vi(Lx + A1) is the product of linear combinations of the
integral operator Lk and the identity operator I. Therefore, operator I} is commutative with

(1-7)/2

operator L, , thus, we can rewrite (F.7)

2 (1-v)/2
1005 (o = Faa) 3 = 1250 (o = Fao) B = TS L2 (o — o) e
(1-7)/2
< I Rl Eie (o = f0) e
where ||IT}||3,_,,, is the spectral norm of the operator II{. Using Lemma G.3 (all the assumptions

of Lemma (.3 are satisfied, since tg > (ax? + 1)? and 6 € (1/2,1]), this spectral norm satisfies the
inequality

~+

HHtlng-L—)’H H 1 - Vz z

Plugging in this inequality, we obtain
¢
(1—7)/2
1T (g0 = Fp) 12 < I Besae 1256 (fo = Fro)ll H (1= vidi)?[l fo = Foll3-
Note that we set v; = a(i +t9) ™% and \; = 1/(a(i + to)' %), therefore,

t t . 2
t+to—1
g0 — £l < T 60200~ =TT (5205, ) 1ol
=1 =1

_ 0 2 2
= (7)1 sz s 00

F.3 Proof of Lemma E.8
The aim is to derive the upper bound for E||Zf:1 ul-Hngl(yigbi — LKf)||3. Define w; = y;¢; — Lk f,

then we have

t t
EHZ vill 1 (gidi — L D)2 = B S williqwil2 = B (0T qws, vTTEws)y
i=1 i,j=1

t
=K ZHVZHg—s—lle?y + 2E Z<WH§+1W1’7 le_I;ij)V.

i<j
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Let F = {Fi}ien be the filtration Fy = o{{27};cy} and define E, = E[-|F]. Since u; bl px and
yi ~ D(u;), for any i € N, the following equation holds

E;1w; = Elw;|Fi—1] = Elyi¢i — Lk f|Fi-1] = 0, (F.9)

here we use the fact that

Elyidi — Licf|1Fior] L E[(f(ws) + )i — Lic fI1Fi1] L E[f ()i — Lic f1Fi1],

where (a) is guaranteed by the parametric assumption (Assumption 4.13) and (b) is induced by
the following equation (recalling the definition of Lx in Appendix B.2)

B f (15) (2 /"Kfu“ ) Flus)dp(us) = Lig(f)(z), Ve € X

Equation (F.9) shows that {w; };en is a martingale difference sequence with filtration F. Therefore,

-]

using the tower rule, for any i < j the second term in (F.8) is zero

E(uiIT} wi, VjH§'+1wj>w =E [E [(Vz'ﬂfﬂwh VjH§'+1wj>

F.10
= E [(villi @i, By [T wj])- ] (.10)
=E [(»IT}; w;, 0),] = 0.
Combining (F.8) and (F.10), we obtain
EHZ villiy (idi — L I3 = EZH% iv1will3- (F.11)
Moreover, for any i,t € N and ¢ < ¢, using Lemma G.2, we have
1—y 1—7)/2
Bttty il = BILY 2wl il = Bl L™l
(1—y)/2
< VI 3 n Bl L il
Applying Lemma G.3 to ||II%, , ||3,_,4;, we obtain
t t 2
Jt+to—1
Bl el < f T (1= o)l = 2 T1 (P ) el
j=itl (F.12)
. 2 2 + t() 2
=V <t n to) Efjws|5-
Combine (F.11) and (F.12), we obtain
d : i+to\
0
E\E:VJE+Nw¢r—LKfﬂﬁf§§:Vg(t+¢0> B2 (F.13)
i=1 i=1

Let us derive the upper bound for the last term of (F.13). We are going to prove that w; has a
uniform bound under the y-norm and derive the upper bound for >>¢_, v2((i + to)/(t + to))?.
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e Uniform bound of E||w,||,27

For any random variable z in a Hilbert space with norm ||-||, it is well known that Var(z) < E||z||?,
therefore

Ellwill? = Ellyidi — L f1I5 = Var(yids) < Ellysoil3.

Using Lemma G.5, we have

Ellwill3 < Ellgscil3 < w77 (A%|| 11 + 0?). (F.14)

I3

e Upper bound of Y'_ v2((i +to)/(t + ty))>.

i i+t i+to\? i
2 0 —20 0 2 -2 . 2—20
EL%Q+W> §az+t <H%J =a’(t+19) "2 (i +to)

i=1 =1 =1

~+

i+1 t+1
At 1)) / (@ + t0)22dz < a2(t + 1) 2 / (2 + o) P da
=171 1

(F.15)
Calculating the last term of (F.15):

t+1
@+MYQ/ (x + o) *da = @+mYQ«t+m+1P49—@W+D*%)
1

3—26
< 1 3— 26 1 20.
73_20a+m) 2(t+to+1) (-—%X%+ F”ﬂt+m)
(F.16)
Combining (F.13), (F.14), (F.15), and (F.16), we obtain
Euzm it — L) < @20 (A2 3 4 o?) 0TI g 12

(3—20)(ty + 1)2-20

< O(tl 29)‘

F.4 Proof of Lemma E.9

The aim is to derive the upper bound for || Y2¢_ TTE(fy, — fri-1)|2. Using Lemma G.2 and Lemma
G.3, we have

||Znt — P JIH—HLM)/QZT fMHH—HZHt 28— Bl

< ZHH§||H%H||L§$‘W2<AZ. — Pl (F.17)
=1

<ZH (1= v MILE 2 = Al
i=1 j=1

We first derive the upper bound of HL%_V)/Q(JS\Z, — fai_y)|ln and then obtain the upper bound for
the last term of (F.17), i.e. 34, H;Zi(l — I/jAj)HL%_'Y)m(f)\i — o) x-
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e Upper bound of ||L /2(f)\i — o) l#e

The same as the proof of Lemma E.5, let us derive the spectral representation for Lg_ﬂ/ 2( n —

fri_1)- Suppose f=>"* 1al,uz/ e;. Using (F.2), we have

1+6)/2
fr = (Lr +NI)™ ajuy%e;.
Thus,
oo M(1+5)/2 12 00 M(HB)/Z 12
. — . = J aq €; — ]7a €5
f)\z f)\zl JZI,UJ"’_)\ /’[’ J Zlﬂ]+)\zl ILI/ J
My+>\ MjJrAi—l) ;o

Jj=1

Using the fact that L%JY)/Q@L- = uZ(l*V)/Qei, we obtain

A+8)/2¢y . _ .
LU gy Z (1=)/2 M Aic1 = Ai) 4

aip:’"e;. F.18
(g + Xi) (g + Xia) 777 (E-18)

1/2 1/2,

Therefore, using the spectral representation (F.18) and the fact that (' e;, 14 iyn = 0ij, we

obtain the spectral representation of HL%JY)/Q(J‘}\Z. — he )3

1 2
(1+8)/ ()\z'—l —\i ) 1/2

7y
L (1-7)/2 _ — /2
2
0 (2 ”/+5)/2( A1 — ) , M; 7+5)/2( A 0
Z aj < sup Za
j=1 /"Lj + )\ )u/j + )\i—l) jEN (/sz + i )(IU] + )\Z 1 =
g O N
jen (g 4 X)2(pg + Xig)2
Recalling that \; = 1/(a(i + t9)'~?), we have \; < \;_; and
2—y+p8 2 2—y+8
(1-7)/2 MJ (Az‘ 1= Ai) ) TN = N)?
L I — I = sup [l < sup FIIZ
(F.19)

To upper bound the last term of (F.19), define function h(x) = x2 7P (\;_1 — \)2/(z + \)?, for
all x € RT, we have
2 (2 -y + B) (@ + A) — 4a)

(z+ Xi)? '

h(z) =
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Therefore, h(x) takes the maximum at x = A\;(2 — v + 8)/(2 + v — 8). Combining this maximum
with (F.19), we obtain

2‘*’Y+5()\l | — )

L2
I (fxi = Faie 1)HH<§g§ (5 + M) 1115 (F.20)
_ —y+8 - 8
< Qo BTy = BT a2 a2,

- 256
Since \; = 1/(a(i + tg)'~?), we have

N7 = M) =@ P+ 1) TITOETTI (= 14 10) T — (i 1)) (F21)

e Upper bound of 31 [T\_,(1 — AL 2 (fa = Fri) e

Now let us find derive the upper bound for the last term of (F.17). Using (F.20), we have

~ T )/2 L W s = )2
S TIa-vaIe™ (fxi—f&,nua321](1—%» sup = — s 113

=1 j=i JjeN

2—7+p)2 P24y — )% 2)2
<! e S IO A0 ),
=1 j=1

Plugging (F.21) into the last inequality above, we obtain

D TLO =L = )l

t ot
< CZH(l_(j+t0)_1)(i+to) (1-0)(B—~— 2)/2(( 1+ to)~ (1-6) —(Z’—i—to)_(l_‘g)),

i=1 j=i

()
(F.22)

(2—y+B)2—1+B(24+y—p)2+7—6 2 .
where C' = \/ 256(1% - ) I f1I5 is a constant.

e Upper bound of (I)

By some calculation, we obtain the following inequality of (I)

t .
1—1+t¢ , —(1—0)(8— _
<I>—Z(t+t0°> (i 4 10) IR =1 1) 0 — (i 1))

(G tg) -0 (B——2)/2 i
1+t (1-0)—
<(1-6) Z — t+to /il(x+t0) e
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Since (i + to)~(1=0B=1-2)/2 < Zz_l(x +t9) " (=0 BF=7-2/24g we have

t j;z_l(m —+ to)_(l_e)(ﬁ_7_2)/2dw‘

< (1-6
m<a-03 —
20=0) (44 4)-0-006-—-2/2

<
T 2-(1-0)(8—7)
Plugging this inequality into (F.22) and using (F.17), we obtain

! 2(1 - 6)C 2 o5
”;Hﬁ(f)\z_fAzJHE/SCQ(1)2 < (2_ ( ) /y)> (t+t0) (1-9)(B—)

< Ot~y

F.5 Proof of Lemma E.12

We use mathematical induction to derive the upper bound for ]EHrt(k) H% We start with T‘EO) (Initial

case I) and use induction to derive the upper bound of rgk) with k < |57 ] (Induction step I).

Then we consider the upper bound of rgk) with k = [5%5] (Initial case II) and use induction to

derive the upper bound of rgk) for all k > | 52| (Induction step II).

e Initial case I: For k£ = 0.

Recalling (F.39), rt(o) can be rewritten as
ri = (I = (L + MDYy + (L — Le)gi

t
= Hﬁr(()o) + Z 1/7;H§+1(LK — Li)gifl,
i=1
where Hg = i:i(I —vi(Lg + AgI)). Since réo) =0, we have

t
) =" wlly (Lic = Li)gioa.
=1

Moreover, {(Lx — Lt)gi—1}ten is a martingale difference sequence with filtration F = {F;}ien,
where F; = o{{27};c[y}, because

Et(LK - Lt)gt—l = E[(LK - Lt)gt—1|-7:t—1] = E[(LK - Lt)|]:t—1]gt—1 = 0.

Therefore, E((Lx — L;)gi—1,(Lx — Lj)gj—1)» = 0 for any i # j. We further have
t
0 0
E[lri” 3 = Elri”Il} = EIY_ wllf (Lx — Ligiaal}
i=1

t
= Y ElnIly, (Lx — Li)gi1 |13
=1
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Using Lemma G.2 and commute L%fﬂ/Q with IIf, |, we obtain

t
0 1— 2
Elri”|2 = Y BILG ) uIl, (L — Ligi |3,

=1
t
1— 2
< STE2II 13, L8P (Lk — Li)gioa |3, (F.23)
=1

t
= > VI Fmn Ik = Li)gia]3-
=1

Using the tower rule for thee expectation E||(Lx — Li)gi—1|3, we have
E|(Lx — Li)gi-1l5 = E[E[(Lx — Li)gi-1 ]3| Fi-1]l.

Since E[L;g;—1|Fi-1] = Lkgi—1, the above expectation is actually a variance of L;g;—1, namely,
E[||(Lx — Li)gi—1 ||,2y\]:i,1] = Var(L;g;—1|Fi—1). Using the fact that for any random variable z € H7,
Var(z) < E||z||?/, we obtain

E|(Lx = Li)giw1ll} < EllLigic1ll5 < ElILill3, a0, llgi-1]13)- (F.24)
Now we are going to derive the uniform upper bound for the spectral norm HLZH%{W - For any

h € H7, suppose h = Z;‘;l aj,u}/Zej, we have

| Lihl2 2 (u;) || ¢ill3
ILill3y, 53, = SUp —ot = SUD ——<so 5
T e P2 ayee Yo @
9 2
S5 agi) e (i) Y5tiad) (52 uyef(w)
2 2
:||¢’L||'y sup %) P} §||¢’L||'y sup ) 9
{a;}er? =14 {a;}er? 2 =1

[o@)
— a2 [ Sl |
j=1

Using Lemma G.4, we obtain the upper bound for the spectral norm ||L,||%{7

—H~
o0
ILil3,, e, < lloill? [ Y nle(us) | < w2742 (F.25)
j=1
Combining (F.23), (F.24), and (F.25), we have
t
0 _
Elr”)2 < 2423 W20 130 Ellgi |-
=1
Using the triangle inequality,
t
0 _
ElriV)?2 < 262742 3" V2| 13,50 (Bllgiot — a2+ 1 I12)
=1
. (F.26)
< 2624 V2T 13 (Bllgior — S 2+ 200y — FI2+ LF112)) -
=1
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Using Lemma E.4 and Lemma E.G, we have

Ellgit — fra 2 5 0 (iTO700=0m@-0) -2 S 0 (7000,

Therefore, there exist a constant M > 0, such that

Ellgiwr = a3 + 20y = £IB + 1F13) < MIFIE.

Plugging this inequality into (F.26) and using Lemma G.3, we obtain

t
0
Er®|2 < 2x*- 2”A2M||f||72u2uﬂ+1u%% < 2602 A2 M| |2 Zu IT @ —wr)?

=1 =1 j=i+1
t t

26 APM|FI2D D aP(i+t0) ™ T (1= +t0)™)?
i=1 j=i+1

i+ t0)* 20

— % 2 4 27A2MHfH2Zz (t+t)

By some calculation, we obtain

i= 1(1 + t0)2 20

Br®|2 < 2022 420 2 2

(t + )2
t+1 290
z + dx
< 20254_27A2M‘|f||3 1 ( 0)2
(t—i—to)

2(to +2)*
= (3=20)(tg + 1)2

@AM FE(E+ 1+ 1),

Therefore, the inequality (E.18) for the initial case (k = 0) holds.
e Induction step I: For k >0 and k < [5%5].

Suppose the inequality for £ — 1 holds, i.e.
Ellr* V2 < Cra (b + 1 + )02, (F.27)

Recalling the definition of rgk) (F.40), we have r(()k) =0 and

rgk) = (I —wv(Lg + M1 ))TLE )1 + vy (L — Ly)ry_ (k 1

= IT} rok)—l—ZuZ iv1(Lr — L), (k 1
=1
t

:Z Hz+1(LK L)T§k11)~
i=1
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Again, {(Lx — Lt)rﬁzl)}teN is a martingale difference sequence with filtration F = {F; };en and
we can apply the same analysis on >'_, vl (Lg — Li)rﬁzl) as (F.23) and (F.24) of the Initial
case L.
k k 1)
El|r{™ )2 = ZEHM La(Li — L2
=1

k—1
< ZﬁnHHH%HEH@K Lyr V|2

k 1
< Zﬂun 3N LT )12

Using (F.25) and Lemma G.3, we have

(k—1
E[r”|2 < ZV2HH 1 1l L HHW—W{WH VIR)
(F.28)
KA QVAQZV H (1— viAg) 2B,
= Jj=i+1
Plugging (F.27) into (F.28), we obtain
t t
k — . _
Elri I3 < #7747 30 T (1= vpA)*Croa (i + 1)
i=1  j=it+l
t t
I€4727A20k_1 Za2(i + t0)720 H (1 _ (] + to)il)z(i + t())k(l*?@) (F29)
i=1 j=i+1
2221 (Z +t0)1+(k+1)(1729)

a2ﬁ472'yA2 Ckfl

(t + t0)2

Condition 1°: If k < |5 ], then 1+ (k4 1)(1 — 26) > 0, we have

t

t i+1 t+1
Z(i+t0)1+(k+1)(1—20) < Z/ ($+t0)1+(k+1)(1—29)dx:/ (2 + t) - HEFDO-26) g
- i 1

=1
_ (t+1 +t0)2+(k:+1)(1—29)
- 24+ (k+1)(1—20)

Combining this inequality with (F.29), we obtain

22:1 (Z + 750)1-}-(19-&-1)(1—20)

k —
Bl < o'~ A% (t + to)?

(to +2)*

< 2+ (k+1)(1—20)(to + 1)2a2"64*27A20k_1(t 1 ) (ETDA-20),

Thus, the inequality for r,gk) (E.18) holds for k >0 and k < [ 5.
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Condition 2°: If k > |5~ and k < |57+ ], then 1+ (k + 1)(1 — 26) € [-1,0), we have

t

t i ¢
Z(z + to) 1 HFHDA-20) < Z/ (2 + to) D20 gy / ( + t) HEHDO-20) g,
i=1 i—=1 Ji—1 0

(£ + 1+ to)2H(k+1D(1-20)

S Tkt (- 20)

The same as Condition 1°, the inequality for rgk) (E.18) holds for k > | 5| and k < | 52+
e Initial case II: For k = [3%;].

Suppose the inequality for k — 1 (i.e. L—Z(f_lj — 1) holds
Ellr V2 < Gy (41 + o)1 20). (F.30)

The same as (F.28), the following inequality is guaranteed by (F.30) (we omit some calculation

here because the analysis is exactly the same as Induction step I)

t t
k _ k—1
Ellr?)2 < k27423702 T (1 - va)2Ellr V)2
i=1  j=i+l

/ t
< KTPAC Y aP (i to) T [ (1= (4 t0) TN+ 1) ) (F.31)
i=1 j=it1
t 14 (k+1)(1—20)
2 4-2y 42 2= (i £ to)
a’K A“Cl_1 (4102

Since k = | 572, we have 2 + (k + 1)(1 — 26) < 0. Therefore,

i — 1)2H(EH1)(1-20) _ j2+(k+1)(1-20)
(k+1)(20—-1)—2

(z’—i—to)H(kH)(l’Qe) < /Z (x—i—to)l*(kﬂ)(l’ze)dx: (
i—1

and we have

25:1 ;71(33 + tO)H(kH)(I_%)dm
(t+to)?
t(2)+(k+1)(1726) (4 t) kD (1-20)
(E+1)(20—-1)—2
(to + 2)2
(k+1)(20 —1) —2)(to + 1)

B3 < ot A%Chs

< a1 A0, (t+t0)

< a2/€472’yA20k71

S(E+14tg) 2

Thus, the inequality for r,gk) (E.18) holds for k = | 52+ .

e Induction step II: For k > |72 ].

68



Suppose the inequality for £ — 1 holds, i.e.
Elr* D2 <« o 1 —2 F.32
HT’t H,y < Cr—1(t+14+1ty)" " (F.32)

The same as Initial case II, plugging in (F.32), the following inequality holds,

t t
k _ k—1
Ellr?)? < w2423 702 T (1 — v 2Elr V)2

)

=1 j=itl
¢ ¢
< KTACL ZGQ(Z' + to) ™% H (1= (i +to) )i +t0)
i—1 j=it1
< a2,€4—27A20k_1t(1)_26 — (t+tg) =% (t + )2
20 — 1
(to + 2)2

< a2/<;4_27A20k,1 5 (t + 1+ to)_z.

(20 —1)(to+ 1)

Thus, the inequality for r,gk) (E.18) holds for k > | 52+ .

F.6 Error Decomposition in the Proof of Lemma 4.18

In this section, we study the error decomposition of stochastic approximation sequences f; generated
by the Robbins-Monro algorithm (E.3):

fr = fior — ve(Aefio1 — be), (F.33)

where A; = L; + M\ are stochastic operators and b; == y.¢,, are random variables in H. Define

their expectation
At = EAt, B = Ebt

We introduce the basic decomposition for f;— f (corresponding to Lemma E.2), and demonstrate the
martingale decomposition and the semi-stochastic decomposition involved in the proof of Lemma
4.18 (especially Lemma E.11).

F.6.1 Martingale Decomposition

The aim is to study the error decomposition for f; — f. To do this, we first define the semi-stochastic

population iteration g:
g=1rf g=U- thit)gt—l + v4by. (F.34)

Comparing (F.34) with (F.33), the semi-stochastic iteration replaces A; in f; by its expectation A;
and remains the second stochastic term b;. This semi-stochastic iteration eliminates the randomness
of A, and thus can be viewed as a population iteration of (F.33).

With this definition, the basic decomposition decomposes the error f; — f into three terms

fe—f=fr—9) + (gt — fa) + (Fa. — 1), (F.35)
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where f; —g; characterize the sampling error of the stochastic operator A¢, g:— f\, denotes the differ-
ence between the online estimation function f; of the kernel ridge regression arg miny,c 3y E(y y)~plly—
f(@W)]|?+ Ai]|R||3, and the true solution fy,, and fy, — f characterizes the error between the solution
for the regularized kernel ridge regression and the true parametric function f (i.e. the solution for
the unregularized kernel regression).

Lemma F.1. (Martingale decomposition) For all s,t € N, t > s,

t
—Pe =T (gs— )+ D willl (b —b) — Zﬂt — Fad)s (F.36)

i=s+1 i=s+1

where fy = (L + M)'Lg f is the solution of kernel ridge regression and

t

=S
Specifically, when s = 0,
— fr =i(g0 = fro) Z vill} (b — b) — ZHt —fa). (F.37)
Proof. The proof is direct and we omit it here. O

The operator 114 in decomposition (F.37) is deterministic and {b; — b}y is a sequence of
i.i.d random variables with zero mean, namely, E(b; — b) = 0. Consequently, I} (go — fy,) and
S TIE(f, — fr,_,) are deterministic and the randomness is contained in > ¢_, 11T L1(bi—b). We
have seem that positive-semidefiniteness and non-randomness of the operator I play a key role in
the proof of Lemma 4.18.

F.6.2 Semi-Stochastic Decomposition

To decompose f; — g, we consider a sequence of semi-stochastic noise processes (Dieuleveut and
Bach, 2016). To begin with, we observe that f; — g; has a recursion structure

fo—90=0,

_ (F.38)
fe =90 = I —veAy)(fie1 — g1—1) + (A — Ar)ge—1.
Define a noise process r(()o) as the semi-stochastic iteration of the above recursion
= fo — 9o,
(F.39)

7"750) = - thit)ﬁgg)l + (A = A)gi1,

0 .
the error f; — gr — r,g ) also has a recursion structure

Jfo—g0— 7‘(()0) =0,
ft—9t — TISO) = (I - VtAt)(ft—l —gt-1 — 7“,50,)1) + Vt(f_lt - At)?”t(g)l.
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Repeat this procedure to define a sequence of noise process {rgk)}teN7k€N0

(() ) = 0, rgl) = - yt/_lt)rél)l + (A — At)rﬁ)l,
é ) = 0, 7‘752) = - VtAt)Tt( )1 + v (Ay — At)rﬁ)l,
: (F.40)
r(()k) =0, Tgk) = - th_lt)rﬁ)l + v (Ap — At)rgkll),
the error f; — gr — Zf LT (J ) has a recursion structure
k .
fo—g0— Zr(()j) =0,
§=0
. 3 (F.41)
fe— gt — ZTEJ) = —vA)(fi-1 — g1—1 — Zrt(]—)l) + Vt(zzlt - At)Tﬁ)l-
3=0 j=0
Lemma F.2. (Noise decomposition) For all t € N and i < ¢,
(t-)vo
rgt) =0 and f;— Z rt (F.42)

Proof. We use mathematical induction. For ¢t = 0, given r( ) = = fo — go and go = fo, we have
=fo—90=0.
For t =1, given r[()o) =0 and r((]l) =0, (F.40) indicates that
r&l) =(I— ylf_ll)rél) +v1(A; — Al)réo).
Moreover, using (F.41) for k = 0, we have
fi—91 — r§°) = (I —v1A1)(fo— g0 — 7“(()0)) +v1(4) — Al)r(()O) =0.

Therefore, we obtain f; — g1 = rgo).

Assuming that the statements
-1
fe—gt = Zhg]) and rl@ =0 (F.43)
=0
(t+1)

hold for any 7 < ¢, where ¢t > 1. We are going to prove that (F.43) holds for fi11 — g;11 and 7;
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Plugging k =t into (F.41) and using (F.43), we have

t t
fer1 — 9e41 — 273831 = (I =1 A1) (ft — 9t — Zr?)) + vt (Aer — Agp)r?
=0 j*O
= = v Ava)(fr — 9 — ZT} ) + v (A — Agpo)r)?
7=0

= (I = 1 A401) (0 = ") + v (A — Agr)rf? = 0.
Moreover, plugging k =t + 1 into (F.40) and using (F.43), for any ¢ < ¢+ 1, we obtain

= ZVJ H - VSAS)(AJ' — Aj)r ](t)l

7j=1 s=, j+1
= Z vj H — vsAs) (A — A;)0 = 0.
s=j+1
Thus, (F.43) holds for any ¢ € N and we finish the proof. O

Remark F.3. Lemma F.2 indicates that the error between the true iteration f; and the semi-
stochastic population iteration g can be decomposed by a finite sum of the noise process Tt(k). We
visualize this theorem in the following tables. For Table 1, the i-th column denotes the outputs
of semi-stochastic iteration and noise processes at iteration i, namely, g; and rgk), the k-th row
denotes that output of the noise processes T‘Z(kfl). For any ¢t € N, k € Ny, define C(t,—1) := ¢; and
C(t,k) = rt(k) for convenience, then the (i,7) entry of Table 1 denotes rj(-i__f) =C@{—1,i—2).
Recalling recalling (F.40), we have

Clt, k) =™ = (I — v A)r™ + (A — A)rF Y
¢ (F.44)

—ZV] H )(Aj — A)rkl1 ZVJ ]+1A A)r(k b,

J=1 i=j+1 Jj=1
Equation (F.44) implies that each entry C(i,j) = rgj )
(rgk) such that t <iand j —i+t < k < j) and r(()k) = 0 for all k € Ny. Therefore, the entries in
the lower triangle of Table 1 are zero and for all iteration ¢, the first equation of Lemma F.2 holds,

is comprised of entries in its upper left region

namely, rgt) =0.
The same as Table 1, we visualize f; — gy — Z? 0 rg 7 in Table 2. For any t € N, k € Ny, define
D(t,—2) =g, D(t,—1) = fy — g+, and D(t, k) = f; — _Z;?:o rg D for convenience, then the (i, )
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Table 1: Visualization of r;

ieN 0 1 2 3 t t+1

% | C0,-1) C(1,-1) C(2,-1) C@B 1) Ot,—1) CO(t+1,-1)
r0 0 C(1,0)  C(2,0) C(3,0) C(t,0) C(t+1,0)
riV 0 0 Cc(2,1)  C(3,1) Cc(t,1)  C(t+1,1)
r® 0 0 0 C(3,2) C(t,2) C(t+1,2)
=0 0 0 C(t,t—1) Ct+1,t—1)
Tl(t) 0 0 0 0 .. 0 C(t+1,t)

entry of Table 2 denotes fj_1 — gj—1 — Zi;% 7'](»5_)1 = D(j —1,i — 3). Recalling (F.41), we have

k
D(t.k)=fi—g— Y r
7=0

k
= (I = A (fior — g1 — Y_r) + (A — Ari®)y (F.45)
=0
t t )
= vj H — v A;)(Aj — A; )rj( )1
=1 i=7+1

Again, each entry is comprised of entries in its upper left region and the entries in the lower triangle
of Table 2 are zero. Therefore, for all iteration ¢, the second equation of Lemma F.2 holds. Namely,
V) =0 for all t € N.

G Technical Lemmas

Lemma G.1. Consider a sequence Gy > 0 for ¢ € N. Suppose that for some constants a €
(1,2),b > 0 and constant ¢ty > 0, the sequence G, satisfies

Grir < (1= (¢ +t0)™")Gr 4 b(t +t0) ™%, (G.1)
then the estimate holds for all t € N
Gy SOt ™). (G.2)
Proof. Using (G.1) recursively, we have

Gro1 < (1 — (t+to) )Gy +b(t + to)*a
t

H(l—(z+t0 G0+Zb H (1= (5 +to) ™) (i +to) ™"

=0 =0 j=i+1
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1 €N 0 1 2 3 t t+1
Ji—gi 0 D(1,-1) D(2,-1) D(3,-1) D(t,—1) D(t+1,-1)
fi—gi =" 0 0 D(20) D3,0) D(t,0)  D(t+1,0)
fi—gi— o 0 0 0 D(3,1) D(t,1) D(t+1,1)
fi—gi— il 0 0 0 D(t,t—2) D(t+1,t—2)
fi—gi = Yy 0 0 0 0 0 D(t+1,t—1)
Define Xl-j = {C:i(l — (k+tp)~1) and rewrite the inequality above
t
Grin < X§Go+ Y bX[y (i +10) ™" (G.3)
i=0
e Upper bound of le
Using the inequality 1 4+ z < e*, we obtain
J )
X] =TI = k4 10)7) < o7 Bhailirtor ™,
k=i
Moreover, using the fact that (k + to)~! < fkkjfito x~ldz for any k > 1, we have
I < o Thei i e e~ (log(ji+to)—log(i-1+10) _ E— L+ 1o
‘T j+to
Plugging this bound into (G.3),
t
to—1 1+t ,. _
Giy1 < —G b to)
=t °+Z§ A
. (G.4)
=(t+ to)fl <(t0 —1)Go + Z b(i + t0)1a> .
i=0

Since 1 — a € [—1,0), therefore (i + )™ < ILI@ + tg)!~%dx, we further obtain

¢ i
G < (t+ t())_l ((to - 1)Go + bZ/ (x+ to)l_acb?)

(t +t0)* @ — (to — 1)2—a>

= (t+to) ! ((to—l)Go—l—b -

<O,
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Lemma G.2. Let X be a compact subset of R?, let { be an RKHS on X with respect to a bounded
Mercer kernel K (for all x € X, K(x,z) < k?) and a probability measure py. For any v > 0 and
f € H, the equality holds

IF1I2 = 1L £, (G.5)

Proof. For all f =732, al,uz/ e; € H, the y-norm is

1/2 1
112 = Hzazu P2 = Za2 .

Besides, since L%—v)ﬂf = aiu@_w/gei, we obtain

1— 2 > 2— 2 > _
L2013, = 11> a7 Pel3, = a7 = 1I£)1%.
=1 =1
]

Lemma G.3. Let X be a compact subset of R?, let { be an RKHS on X with respect to a bounded
Mercer kernel K (for all z € X, K(x,2) < x?) and a probability measure py. Let {v;}en and
{A\¢t}ten be positive sequences satisfied limy_,o0 v = 0, limy_,00 Ay = 0 and

1—
AL 2

47

holds for all ¢ € N. For any 4,j € N, the following inequality holds

J
HH — Vk LK + /\kI HH—> H 1-— Vk/\k (Gﬁ)
k=1 k=i

Proof. By the definition of spectral norm,

J J
ITT(T = vi(Lk + MDD lrsne < T = ve(Lic + M) [l
i k=i

Note that Lx|y and I are compact, self-adjoint, and positive-semidefinite operators. By the spectral
representation of the compact operator, we obtain

1/2
LK—Z/% eza ﬁzﬁ% Z,uz i 617' /ez

and

00
1/2 1/2
= Z eza' L 0% € = Z<,Uz/ €i7'>’Hﬂi/ €;
=1

=1
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Therefore, for any k € N,

(I — vk (L + M) | = |(1 = veAe) ] — v L ||l 3—n

o0

1/2
= 100 = v ) D (e Yy Pei = vy Zﬂz Ve i el
=1

o0
1/2 1/2
= 13— v+ i) (e, Yol Peillrsn
=1
= sup |1 — v (Mg + 14)]-
€N

Given the spectral representation K = Y7, ue; ® e;, we have

M<Zm Z/Mz dpx</2m dpx<sup2uz ) < sup K(z, )

zeX reX

Therefore,

pi < sggK(m,x) < K% (G.7)

combining with the fact that 2 < (1 — v\) /14, we obtain

1 _Vt)\t
223 S Fé T,

namely, 1 —vg(Ar + ;) is non-negative. Moreover, since Ly is positive-semidefinite, its eigenvalues

wi > 0 holds for any ¢ € N. As a result, we have

sup |1 — v (Mg + )| = sup(l — v Mg + i) < 1 — vpAg.
1€N 1€EN

Finally, we obtain the spectral norm bound

] J
HH — (L + D)) lom < (0= wade)-
k=i k=i

O
Lemma G.4. Let X be a compact subset of R%, let H be an RKHS on X with respect to a bounded

Mercer kernel K (for all z € X, K(x,2) < k%) and a probability measure py. Let ¢ be the feature
map of K, for all v € [0,1] and x € X, the y-norm of ¢, is bounded

1pally < w277 (G-8)

Suppose that K7 : X x X — R is the kernel associated with H” and let ¢7 : X — H” be the
feature map of K7. If the embedding property (Assumption 4.14) holds for o <~ (i.e. K7(z,x) <
A% ¥z € X). For any x € X,

lgally < A. (G.9)
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Proof. Using the spectral representation for kernel K, we obtain

o oo
K = Zu@-ei ®ej,  Pp = ZM}/QQ(@M;M@@'-

=1 i=1

Therefore, the y-norm of ¢, has the expression

o0
1/2 2 2—
I6xlI2 = qu/ o Peil? =3 1 e (w)
1=1

1—
<sup,u ’YZMZ )=supp; K(z,x)
ieN — ieN
< sup ,U,g_’YHZ.
ieN

Plugging in (G.7), we have
6213 < suppl T < 20

Again, using the spectral representation for kernel K7, we obtain
o0 o0

KW:ZMZ&'@)% ¢Z:ZMZ/2€Z x
i=1 i=1

Using the fact sup,cy K7(z,7) < A%, we have

2 o0
621> = HZW p el =3 wled ()
=1
= K”(x,x) < A%,
]

Lemma G.5. Let X be a compact subset of R%, let H be an RKHS on X with respect to a bounded
Mercer kernel K (for all x € X, K(x,z) < k?) and a probability measure py. For any independent
random variables sequence {u;}en, let

¢t =¢u, and oy = fluy) + e,

where {€; }1en are independent noise term (and independent of {u; }en) with uniform norm bound
02 and f € HP. If the embedding property (Assumption 4.14) holds for a < 8 (i.e. KP(z,z) <
A% ¥z € X). For any v € [a, ), the following uniform «y-norm bound for sequence {y;¢; }scn holds

Blluerll; < "¢V AT +0) (@.10)
Proof. Using Cauchy inequality,

Ellyicil|? = Bl é1ll,)?
< (Ey2)(E[e]12) = (B(f(ur) + e)?) (Bl ér]|2)
D (E(F2(w) + ) (Ellgu]2),
N——
() (IT)

(G.11)

—~
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where (a) makes use of the independence between u; and the noise term €, and uses the fact that
EGt =0.

e Upper bound of (I).

For any t € N, define qﬁtﬁ = ¢>5t € HP. Since f € HP, by the reproducing property, we have
f(ur) = (f.6/)s and

Ef%(u;) = E(f, 602 < | FIZEIS212 < |I£113 sup Al

The embedding property implies that sup,, ¢ XH(st H% < A?, therefore,
Ef?(ui) < A||£II3-

We further obtain
(I) = B(f*(w) + €*) < A°| fII5 + o>

e Upper bound of (II).

Using Lemma G.4, we have
(I1) = E||¢¢||2 < sup [|y]|2 < &2
ureX

Combining the upper bounds for (I) and (II), we obtain the upper bound for (G.11)

Ellyedel < £*C (A2 fIF + o).
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Table 3: Table of Notation

n number of agents (¢ € [n])

T; action of agent

T joint action = = (z1,x2,  * ,Tn)

T_; joint action of all agents except @

X; action set of agent ¢

X joint action set X = X1 X --- X &,

d; dimension of the action set X;

d dimension of the joint action set X’

Li(x) utility function of agent ¢

Li(z, z;) loss function of agent 4

Z; data observed by agent ¢

D;(z) decision-dependent distribution of agent ¢

Z; sample space of z;

P dimension of Z;

ViLi(x) individual gradient of agent 4

H(x) gradient of the decision-dependent game

r* Nash equilibrium z* = (z3,z3, - ,z})

T strongly monotone parameter

F function class of parametric model

fi(x) parametric function of agent 4

€; noise term the parametric model of agent ¢

o2 variance bound of ¢;

Pi distribution of ¢;

Vili(xz,z;) gradient of ¢;(z, z;) to z;

V2 li(x, z;) gradient of £;(z, 2;) to z;

§1£,(z) unbiased estimator of V;L;(x)

H(z) unbiased estimator of H(x)

px sampling distribution on X

pi distribution on X x Z; induced by = ~ px and z; ~ D;(z)

rf action of agent ¢ at iteration ¢

xt joint action ¢ = (¢, 2%, -+, x!) at iteration ¢

at P joint action of all agents except ¢ at iteration ¢

A; parametric function of agent ¢ in the linear setting

Aﬁ estimation of A; at iteration ¢

Ay, AL, submatrix of A;, A} with columns indexed by agent 4

uﬁ, yf samples for estimation update at iteration ¢

zf samples for projected gradient step at iteration ¢

vt gradient size of estimation update at iteration ¢

Nt gradient size of projected gradient step at iteration ¢

K Mercer kernel on X x X

H RKHS induced by kernel K and measure px

1) feature map of K (¢ = K(-,))

At regularization term of estimation update at iteration ¢

0;¢ partial derivative of ¢ to x;

L Lipschitz parameter of H(z)

6, ¢ parameters about Lipschitz continuity defined in Assumptions 4.3, 4.4

l1,l2, R parameters about isotropic defined in Assumption 4.8

to sufficiently large constant to set the gradient steps

i eigenvalues of kernel K

e; eigenfunctions of kernel K

H™ a-power space of H

K« kernel of H*

ol feature map of K¢

K2, A2 upper bound of K, K%

a, B parameters about source condition and embedding property defined in Assumptions 4.14,
4.15

13 upper bound of 9;¢% in a-power norm
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